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Abstract 

We provide a complete system of invariants for the formal classification of com- 
plex analytic unipotent germs of diffeomorphism at (C",0) fixing the orbits of a 
regular vector field. We reduce the formal classification problem to solve a linear 
differential equation. Then we describe the formal invariants; their nature depends 
on the position of the fixed points set Fixf with respect to the regular vector field 
preserved by ip. We get invariants specifically attached to higher dimension (71 > 3) 
although generically they are analogous to the one-dimensional ones. 

1. Introduction 

We provide a complete system of invariants for the formal classification of com- 
plex analytic unipotent parameterized germs of diffeomorphism at (C"^^, 0). Con- 
sider coordinates {x,xi, . . . ,Xn) in C"+^. Denote by Diff(C"+^,0) the group of 
complex analytic germs of diffeomorphism at (C"+^, 0). We define the group 

Diff p(C"+\ 0) = {tpe Diff (C"+\ 0) ■.XjOip = Xj for aU 1 < j < n} 

of parameterized diffeomorphisms. The group 

Diff„p(C"+i, 0) = 1^ e Diffp(C"+i, 0) : ^^^^(0, • ■ ■ ,0) - 

is the set of unipotent elements of Diffp(C"+\0). If £ Diff„p(C"+\0) then 
we say that tp is a unipotent parameterized diffeomorphism (or up-diffeomorphism 
for shortness). Let (p £ Diff p(C""'""'^, 0), we have that {d{x o ip)/dx){0) = I if and 
only if a; o (p{x,0, ... ,0) £ Diff (C,0) is tangent to the identity. Thus the set of 
up-diffeomorphisms is the set of finite dimensional holomorphic perturbations of 
tangent to the identity germs of diffeomorphism. 

The complex analytic germs of diffeomorphism in one complex variable are well- 
known. Those germs whose linear part is not periodic are formally linearizable. On 
the one hand they are analytically linearizable if the linear part is not a rotation. 
On the other hand we find "small divisor problems" (Siegel [T^, Bruno [3], Yoccoz 
|15| . Perez-Marco JO]) leading to very complicated dynamics if we deal with non- 
linearizable diffeomorphisms whose fixed point is of indifferent type. 
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The study of the diffeomorphisms with periodic hncar part can be reduced to 
the one of tangent to the identity diffeomorphisms where we know the formal, 
topological (Leau [S], Camacho 1^) and analytical (Birkhoff, Ecalle, Voronin "14], 
Malgrange [7|) classifications. The only topological invariant is the order of contact 
with the identity; this discrete invariant plus a numerical invariant called residue 
(cf. subsection l5.1|l compose a complete system of formal invariants. The analytical 
classification is more complicated; we can express the invariants as a collection 
(changes of chart) of one-variable germs of diffeomorphism (Martinet and Ramis 
The number of changes of chart is twice the order of contact with the identity. 

A natural generalization of germs of diffeomorphism at (C , 0) are parameterized 
diffeomorphisms. We are interested on the formal classification of parameterized 
diffeomorphisms. We denote the fixed points set of a diffeomorphism ip by Fixip. 
Consider ip G Diffp(C"+^, 0) such that {d{x o ip)/dx){0) is not a root of the unit. 
The function linear part d{x o ip) jdx : FixLp — > C is the only formal invariant 
attached to Lp as in the one-dimensional case. Thus the task of obtaining a formal 
classification in Diffp(C"+^, 0) can be reduced to exhibit a complete system of 
formal invariants for up-diffeomorphisms. 

We denote by iSiff (C"+i, 0), iSiff p(C"+\ 0) and iSiff „p(C"+\ 0) the formal com- 
pletions of Difr(C"+\0), Diffp(C"+\0) and Diff „p(C"+i, 0) respectively. 

A unipotent p G Diff (C"+^,0) is the exponential of a unique formal nilpotent 
vector field (see section 01 for definitions) that we denote by \ogp. Consider (p in 
Diff „p(C"+^, 0); we have that \ogp is of the form exp(it(x o ip — x)d/dx) where 
u G 'C[[x, xi, . . . ^ Xn\\ is a unit. The logarithm of p> can be extended to Fixp>, more 
precisely 

Proposition 1.1. Let p) = exp(u(a; o pj — x)d/dx) G Diff ,(p(C"+'^, 0). Then u 
belongs to lim<_ C{a;, xi, . . . , x„}//(x o pi — xy . 

In other words there exists Uj G C{a;, xi, . . . , Xn\ such that u — Uj G (x o p — x)^ 
for aU j G N. 

We say that a germ of analytic variety at (C"+"'^,0) is fibered if it is a union of 
orbits of d/dx. By definition p G Diff (C""''^, 0) is special with respect to / = (for 
/ G C{x,xi, . . . ,Xn}) if p G Difl[p(C"+\0) and = Id ^ x o p - x £ for aU 
non-fibered irreducible component 7 of / = 0. 

Proposition 1.2. Let pi,p2 G Diff ,(p(C"+"'^, 0). Assume that pi and p2 are for- 
mally conjugated. Then there exists a G Diff (C"^^, 0) and a special a G Diff p(C"^^, 0) 
(with respect to x o p2 ^ x = 0) such that {a o a) o pi — p2 o [a o a) . 

The last proposition implies that up to analytic change of coordinates every cou- 
ple of formally conjugated up-diffeomorphisms are conjugated by a special element 
of l5iff p(C"+\0). We study the equivalence relation in Diff „p(C"+\ 0) given by 
pi p2 if tpi and p2 are formally conjugated by a special transformation with 
respect to Fixpi . Every class of equivalence is contained in a set 

Vf ^{pe Diff„p(C"+\0) : (a;o(p- a;)// is a unit}. 

The classes of this equivalence relation are connected sets in the compact-open 
topology. As a consequence to determine whether or not there exists a formal 
special conjugation between up-diffeomorphisms can be reduced to solve a linear 
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problem. More precisely we can associate to ipi,ip2 ^ T^f the homological equation 

da _1 / 1 1\ 
dx f \ui U2) 

where iij = {\ogifj){x) / f for j e {1,2}. Let YVj=i f]' Y{]=iFT' ^^'^ 
composition of / in irreducible components. By choice Fj = is fibered for 
1 J ^ <? whereas /fc = is non-fibered for 1 < k < p. We say that the ho- 
mological equation is special (with respect to /) if there exists a solution of the 

form a = j3/ (11^=1 fj ^ nj=i ^j™^ ) where (3 G 'C[[x, xi,. . . , Xn]]- Such a solution 
is also called special. We have 

Proposition 1.3. Let S 2?/ C Diff „p(C"+^, 0). Then (pi and ip2 are for- 

mally conjugated by a special transformation if and only if the homological equation 
associated to (pi and (f2 is special. 

Let = exp{{ifd/dx) e Vf. The formal 1-form dx/{uf) is the dual of \og(p 
in the relative cohomology of the vector field d/dx. Moreover there exists u in 
C{a;, xi, . . . , Xn} such that w — u G (/) by proposition ll.il Therefore we obtain 

dx dx 1 u — it 

-r-: 7 = -^dx. 

uf uf uu f 

Since the right hand side does not have poles then the formal properties of dx/ {uf) 
and dx/{uf) are the same. The only formal invariant of (y9 £ I?/ C Diff„p(C,0) 
for the special conjugation is the residue of dx/{uf) at 0. The generalization of 
this invariant in the higher dimensional case is the collection of residues of dx/ (uf) 
at Fixip. This collection defines a meromorphic function in every non-fibered irre- 
ducible component of / = 0. 

There are other invariants which are purely related to higher dimension. For a 
non-zero / G C{x, } we define the additive group Fr{f) of homological 

equations da/dx = A/ f {A G C{x,Xi, . . . ,a;„}) such that [A/ f)dx has vanishing 
residues. Moreover we denote by Sp{f) the subgroup of Fr{f) of special equations. 

Theorem 1.1. A complete system of formal invariants for the special conjugation 
in Vf C Diff „p(C"^^, 0) is composed by the residue functions plus the complex 
vector space Fr{f)/ Sp{f). 

For T>f C Diff „p(C""'"^, 0) with n < 1 the only invariants are the residues, in 
other words we have Fr{f)/ Sp{f) = 0. The situation is different in higher di- 
mension; for instance for fa — {x2 — xxif and Df^ C Diff tip(C^, 0) we have 
that dime i^r(/o)/S'p(/o) = 1. Moreover we have Amic Fr{f) / Sp{f) < +00 for 
Vf C Diff „p(C'^, 0). Thus besides the residue functions there are only finitely 
many linear invariants. In spite of that Fr{fQ) / Sp{fo) ^ C{a;3, . . . , Xn} is infinite 
dimensional if Vfg is considered as a subset of Diff„p(C"+^, 0) for n -I- 1 > 4. 

The nature of Fr{f) / Sp{f) depends on the evil set S{f) of /. This set is the 
union of the orbits of d/dx contained in non-fibered irreducible components 7 of 
/ = such that / G I{-if. 

Proposition 1.4. Let / G C{a;, Xi, . . . , a;„} such that S{f) — 0. Then 
Fr{f)/Sp{f) - 0. 

Consider the set 



K{n) = {/ G <C{x, XI, . . . , x„} : /(O) = {df/dxm = 0} 
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endowed with the KruU topology. The set 

E{n) = {f € Kin): fix.O,..., 0)^0} 
is open and dense in K{n). Moreover S{f) = for all / e E{n). 

Theorem 1.2. Fix n e N. There exists a dense open subset E of K{n) such that 
for f E E the residue functions provide a complete system of formal invariants for 
the special conjugation in Vf C Diff „p(C""'"^, 0). 

2. Notations and definitions 

Wc deal with complex analytic germs of diffcomorphism defined at (C""'""'^, 0). 
Consider coordinates {x, xi, . . . , x„). We define the group 

Diffp(C"+\ 0) = {(pe Diff (C"+\ 0) ■.XjOip = Xj VI < j < n} 

of parameterized diffeomorphisms. We denote by Diff„(C"+^, 0) the subgroup of 
Diff (C""*"^, 0) of unipotent germs of diffeomorphism. An element cp of Diff (C"+^, 0) 
is unipotent if its linear part is miipotcnt, in other words if j^tp has the unique 
eigenvalue 1. As a consequence if £ Diff p(C"+^, 0) is unipotent if and only if 
{d{x o (p)/dx){0) = 1. We will study the elements in the group 

Diff„p(C"+SO) =^ Difrj,(C"+i,0) nDiff„(C"+\0) 

of unipotent parameterized diffeomorphisms. For the sake of simplicity we will 

usually replace the expression unipotent parameterized diffeomorphism with the 
shorter up-diffeomorphism. The groups that we just defined have formal comple- 
tions, we will denote them Diffp(C"+S 0), Diff„(C"+\0) and Diff „p(C"+S 0). 

The unipotent germs of diffcomorphism arc related with nilpotent vector fields. 
We denote by X{C"'^^,0) the set of germs of complex analytic vector field which 
are singular at 0. We denote by Xn{C'^'^^,0) the subset of A'(C"+\ 0) of nilpotent 
vector fields. The formal completions of these spaces are denoted by X{C'"~^^,0) 
and A'jv(C""'"^, 0) respectively. 

3. Basic properties of the unipotent parameterized diffeomorphisms 

Wc denote by cxp{tX) the flow of the vector field X, it is the unique solution of 
the differential equation 

-exp(tX) = X(exp(tX)) 

with initial condition exp(OX) = Id. The flow can be developed in power series, 
such a property allows to define the formal fiow for formal vector fields. We define 
X^{g) = g and X^~^^{g) = X^{X{g)) for all j > 0. The exponential application can 
be expressed in the form 

\j=o j=o j=0 I 

For any formal nilpotent vector field X the sums defining exp(tX) converge in 

the KruU topology. The exponential application is by definition exp(lA'). Next 
proposition is classical; it relates formal nilpotent vector fields and formal unipotent 
transformations . 
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Proposition 3.1. The exponential application induces a bijective mapping from 
Xn('C"',0) onto DifF„(C",0). Moreover, if X E Xn(C^\Q) then every component 
o/exp(iX) belongs to C[t][[xi, . . . ,a;„]]. 

We will call logarithm of a formal up-transformation ip the only formal nilpotent 
vector field whose exponential is ip. We denote by log (p the logarithm of (p. 

3.1. Logarithm of a up-difFeomorphism and the fixed points set. A up- 

diffeomorphism preserves the fibration dxi = . . . = dxn = 0. Somehow its loga- 
rithm has to preserve the same fibration too. 

Proposition 3.2. Let ip e l5iff „(C"+\ 0). Then tp e l5iff p(C"+\ 0) if and only if 
log(/3 can be expressed in the form fd/dx. 

Remark 3.1. Since the logarithm log^p — fd/dx of ip Diff iip(C"^^, 0) is nilpo- 
tent then /(O) = and {df/dx){0) = 0. 

proof of vrovosition \3 .}A The implication is a direct consequence of the formula 
defining exp(log(/3). 

Let us prove the implication The components of 

exp(tl0gV3) = [Lpo[t,X,Xi, . . . ,Xn), - ■ ■ ,'Pn{t,X,Xi,. . .,Xn)) 

belong to C[f][[a;, xi, . . . ,Xn]] for < j < n. Since Diff p(C"+^, 0) is a group then 
'Pjit, xi, . . . , Xn) — Xj for alH G Z and I < j < n. For 1 < j < n the power series 
Pj — Xj is identically because it is for < G Z and it is polynomial in t. Since 

, , a:,- o expfi log — 
(log p) {x, ) = Ihn ^ 1 ^ = 

for 1 < j < n then \ogp is of the form fd/dx. □ 

A up-diffeomorphism ip has a fixed points set a; o — a; = 0; it is a germ of 
hypersurface ii ip> Id. We prove next that the fixed points sets of (p and the 
singular set of logf coincide. 

Proposition 3.3. Let p — exp{fd/dx) be a up-diffeomorphism. There exists a 
formal unit it G C[[a:,a;i, . . . ,Xn\] such that xop — x — uf . 

Proof. We define 

ho = x, ft-i = /, . . . , hj+i = fdhj/dx Vj > 0. 

We have pi = (X)^o ^j/j^-^ xi, . . . , Xn). Since fd/dx is nilpotent then hj/ f belongs 

to the maximal ideal of C[[x, xi, . . . , Xn]] for j > 2. We define u = 1+X]^2 

Clearly the series ii is the unit we were looking for. □ 

4. Formal transversality of the logarithm 

The logarithm of a up-diffeomorphism can be extended to the fixed points set. 
Roughly speaking, the logarithm is convergent in the tangent directions to the 
fixed points set but it can diverges in the transversal direction. We introduce some 
definitions to make rigorous this very simple idea. 
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The formal completion of a complex space {U,Q{Uj) {U is a topological space 
and 0(C/) is its sheaf of analytic functions) along a sub- variety V given by a sheaf 
of ideals I is the space {U, 0/(/7)) where 

e,p) = .in.M. 

Throughout this paper we consider three types of formal transversality: 

Definition 4.1. Let V C (C"+^,0) be a germ of analytic variety given by an ideal 

I{V). A series g G C[[x, xi, . . . , x„]] is 

• transversally formal along V (or in a equivalent way t.f. along V) if 
g e lim^ C{x,xu...,Xn}/I{Vy. 

• uniformly transversally formal along V (or u.t.f. along V ) if g belongs to 
Y\m^ 'd{U) / liyy for some neighborhood of the origin U. 

• uniformly semi-meromorphic along V (or u.s.m. along V ) if g belongs to 
lim^ {'&{U)) j^y^^l liyY for some neighborhood of the origin U. Note that 
(i9(C/))j(^^j is the localized of the ring of holomorphic functions in U with 

respect to the ideal I{V). 

For the u.s.m. definition we suppose that V is irreducible. In general we say 
that g is u.s.m. along F if ^ is u.s.m. along every irreducible component of V. 

The analytic spaces that we complete are (0, C{a:, a;i, . . . , .t„ }), (U, i9{U)) and 
([/, (t?(J7))j(y)) respectively. We say that X e ^"(€"+1,0) is t.f. along V if all the 
functions X{x), X{xi), X{xn) are t.f. along V. The other kinds of formal 
transversality for formal vector fields are defined in an analogous way. 

Denote the fixed points set of a diffeomorphism by Fixip. Let (p he a up- 
diffeomorphism and consider an irreducible component 7 of Fixip. We say that 7 
is unipotent with respect to (p if d{x o ip) / dx = 1 in j . If 7 is unipotent then the 
germ of <^ at P is unipotent for all P G 7. We will prove that log<^ is u.t.f. along 
7- 

Let P € Fixip. Let (pp be the 1-dimensional germ obtained in the neighborhood 
of P by restricting p to Oj^iixj — Xj(P)). Then ipp can be embedded in a formal 
flow except if \{d{x o ip)/dx){P)\ is a root of the unit different than 1 and (pp is not 
periodic. As a consequence there is no hope in general for logt^ to be u.t.f. along 
the non- unipotent components of Fixip. Nevertheless, if v^p can be embedded in 
a formal flow for all P € 7 contained in an irreducible component 7 of Fixip then 
log(p is u.t.f. along 7. We will make clear the previous assertions. 

4.1. One-dimensional results. The next results are well-known and they are 
included here for the sake of clarity. 

Proposition 4.1. Let t e Diff (C, 0) such that j^r ^ Ld. Then t is the exponential 
of a formal vector field if and only if it is formally linearizable. 

Proof. Let X — (aiz+a2Z^+. . .)d/dz be a formal vector field such that t = cxp{X). 
Since j^r — e°'^z and j^r / Ld then a\ ^ 0. The linear part is a complete 
system of invariants for the elements of X{<C, 0) with no vanishing linear part. As 
a consequence there exists a G Diff (C,0) such that <j^{a\zdldz) = X. By taking 
exponentials we obtain a o j^r = t o a. 
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Suppose a o j^r = t o a. Since j^r — exp{czd/dz) for all c G C such that 
e'^ = (9t/9z)(0) then r — exp((7*(cz9/9z)). □ 

Proposition 4.2. Let t G DiiT(C,0) with j^T not periodic. Assume that we have 
T = exp(X) = cxp(y) for X, Y eX(C,0) such that j^X = j^Y. Then X = Y. 

Proof. We can suppose r = j^r by proposition 14.11 It is enough to prove that 
X = fx. Since j^X ^ there exists G l5iff (C,0) such that a^^j^X) = X. 
By taking exponentials we obtain a o t = t o a . Since r is linear and not periodic 
the center of t in Diff (C, 0) is the linear group. Therefore a is linear, that implies 
3^X^a,{^3^X)=X. □ 

Proposition 4.3. Let r G Diff (C, 0) such that j^T is periodic and t is linearizable. 
Suppose we have ho t o h'^^^^{z) — j^T{z) = 0{z''~^^) for some h G Diff (C,0) 
and some k > 1. Then there exists a G Diff (C,0) such that j^a — j^h and 
a o T o a''^^^ ~ j^T. 

Proof. It is enough to prove that if t — j^r ~ 0(2*^+^) there exists a G Diff (C, 0) 
such that a o T = j^r o a and a{z) — z = 0(2*^+^). We denote j^T = az and the 
period of j^r by q. Since r*^'^ is formally conjugated to {j^t)^'^^ — Ld then t^'''' = Ld. 
We are done by defining (t(z) — {J^'jZq / a^) / q. □ 

4.2. Division neighborhoods. Convergence by restriction. We work in do- 
mains in which the components of Fixip behave like their germs at 0. Consider 
g G C{x, xi, . . . , Xn}. We say that a domain J7 is a division neighborhood for g if 

• There is a decomposition g — g''^ . . . g^r of g in irreducible factors in the 
ring <C{x, xi, . . . , Xn} such that gj G 'd{U) for 1 < j < r. 

• The regular part of gj = is connected in U for all 1 < J < 

The definition of division neighborhood is intended to extend the division of germs 
to bigger domains. More precisely, if J7 is a division neighborhood for g then 

a — gb where a e dlU) and b £ C{x,xi, ... ,Xn} => 6 G z?(C/). 

The following results can be immediately deduced from the definition of division 
neighborhood. 

Lemma 4.1. Let U be a division neighborhood for g and consider a domain V C U 
such that U n {g = 0) = V n {g = 0). Then V is a division neighborhood for g. 

Lemma 4.2. Let U be a division neighborhood for g. Consider an analytic set 
S 1^ 0. Then U \ S is a division neighborhood for g. 

The last lemma is trivial since we can not break the connectedness of the regular 
parts by removing sets of real codimension at least 2. 

It is not difhcult to find a division neighborhood for / = x o ip — x. Let 
{yi, . . . ,yn+i) be a set of coordinates such that any irreducible component 7 of 
Fixip can be expressed as the vanishing set of a monic Weierstrass polynomial in 
the variable yi. Let (ci, . . . , c„+i) G M+ x . . . x IR+. Every polydisk n^l^l{\yj\ < c.j) 
small enough such that 

(|yil = ci)nn^+i(|2/,|<c,)n(/ = o) = 

is a division neighborhood for /. 
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We define a new concept, it is simpler to handle than the formal transversality; 
it is a sort of formal transversality at the 0-level. We say that h G C[[a;, xi, . . . , Xn]] 
converges by restriction to 7 if there exists h' G C{x, xi, . . . , Xn} such that h ~ h' 
belongs to 7(7) where 1(7) is the ideal of 7. If F C 7 is a neighborhood of in 7 
we say that h converges by restriction tojinV if h' can be chosen holomorphic in 
a neighborhood of V. 

Lemma 4.3. Let h be an irreducible element of C{x, xi, . . . Consider series 

c G C[[x, xi, . . . , Xn]] and d € C{x,xi, . . . ,Xn} \ (h). Suppose cd converges by 
restriction to h = 0. Then c converges by restriction to h — 0. 

There is also a uniform version of the previous lemma but we have to be careful 
with the setting. We keep the notations in the previous lemma. We consider 
coordinates (yi, . . . , yn+i) such that 

h = v{yi, . . .,yn+i){y[ + y[^^ai^i{y2, y„+i) + . . . + 00(2/2, ■ • ■ , Vn+i)) 

for some unit v and some functions aj (0 < j < I — 1). For a generic point 
{y2, . . . , the number of points in j/21 • ■ • j = is We enumerate them 
"1(2/2, • • ■ ,yn+i), • ■ ■, ai{y2, . . . ,yn+i). We define 

A{h,d) ^ [JJido aj) (a^ - afc)M (2/2, ■ ■ • , 2/„+i). 

\j=l l<j<k<l J 

The function A(/i,(i) is well-defined because it is symmetric in the functions ai, 
. . ., af, it is holomorphic in A(/i, d) 7^ and continuous in a neighborhood of the 
origin. By Riemman's theorem A(/i, d) is holomorphic in a neighborhood of the 
origin. There exists a division neighborhood D = Di x £'2,...,n+i C C x C" for 
h such that I32,...,n+i is a division neighborhood for A. Given any neighborhood 
of the origin W the set D can be chosen to be contained in W. Suppose that d 
converges in a neighborhood of Z? n (ft. = 0). In this context we prove 

Lemma 4.4. // cd converges by restriction to h — in D H {h = 0) and d ^ (h) 
then c converges by restriction to h — in D H {h — 0). 

proof of lemmas \4-S\ and \4.4\ It is clear that the lemma ^31 implies the lemma ^31 
Consider a holomorphic function cq defined in the neighborhood of _D n (/i = 0) 
such that cd — cq G (h). Next step is using the Weierstrass division, we want to 
divide co/d by h. The remainder of that division is 

j^_Y^ co{a]{y2, ■ ■ ■,yn+i)) Uk^jjyi - ^^(2/2, ■ ■ ■,yn+i)) 

d{aj{y2,. ■ ■ ,yn+i)) Hfe^^j ("^(2/2, • • ■ , 2/n+i) - afe(2/2, • • ■ , 2/n+i)) ' 

The function Ai? is holomorphic in a neighborhood of the origin and since A does 
not depend on 2/1 then Ai? is the remainder of the Weierstrass division [(Aco)/rf]//i. 
We define i? the remainder of the Weierstrass division c/h, it is a formal power 
series. We have 

Acq - ARd e (h) and Acd - ARd e {h). 

Since d ^ (h) we obtain Ai? — Ai? G (h). Both Ai? and Ai? are polynomials in the 
variable 2/1 whose degree is lesser or equal than ^ — 1. Therefore, we have Ai? = Ai? 
by uniqueness of the Weierstrass division. The function A divides the I coefficients 
of the polynomial Ai?. As a consequence i? is convergent in the neighborhood of 
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the origin. Since -D2,...,n+i is a division neighborhood for A then R is defined in 

C X D2 n+i. The series c converges by restriction to ft, = in 13 n (ft- = 0) since 

c-R^c~Re{h). □ 

We relate formal transversality along an analytic hypersurface with formal transver- 
sality along its irreducible components. 

Lemma 4.5. Let f be an element ofC{x, xi, . . . , Xn}- Then u in C[[x, xi, . . . , a;„]] 
is t.f. (resp. u.t.f.) along f = if and only if u is t.f. (resp. u.t.f.) along every 
irreducible component of f = 0. 

Proof. The sufficient condition is obvious. 

Suppose we are in the u.t.f. case, the proof for the t.f. case is simpler. Let 
/ = /"^ . . . be the decomposition of / in irreducible factors in C{a;, xi, . . . , Xn}- 
We choose coordinates (j/i, . . . ,yn+i) such that fj = can be expressed up to a 
unit as a monic Weierstrass polynomial in the variable yi for all 1 < j < L We can 
choose a polydisk D = Di x r'2,...,n+i such that {dDi x £'2,...,n+i) n (/ = 0) = 0. 
Moreover, we can suppose that D is a division neighborhood for every fj and 
D2....,n+i is a division neighborhood for every A(fj,fk) with j ^ k. Finally we 
suppose that u e lim^ ■d[D)/{f.j)^ for all l< j <l. 

Let F = Hfe^i fk'°- Suppose we have u e i?(-D) such that u — u £ (F). Fix 
j £ {1,...,^}; it is enough to prove the existence of a function v G '&{D) such 
that u — V E ifjF)- We claim that {u — u)/ fj^ converges by restriction to fj = 0. 
There exists Ua^ G t9(-D) such that u — Ua^ belongs to (/j"^^^) by hypothesis. 
Denote w = {ua^ —u)/fj'; we have {u — u)/fj' —wE {fj). By lemma lT^ the series 
{u — u)/F converges by restriction to fj = in Dr){fj =0). As a consequence there 
exists b{yi, . . .,yn+i) G i?(C x D2,...,n+i) C ^9(-D) such that {u - u)/F - be [fj). 
This imphes u- \u + bF) e {fjF). ' □ 

Consider a set W C C"^^. We can define the ring Gw of germs of functions in 
a neighborhood of W . The next lemma provides a handy characterization of u.t.f. 
functions. 

Lemma 4.6. Let V C C"+^ be a germ of analytic hypersurface at 0. Then a series 
g S C[[x, xi, . . . , Xn]] is u.t.f. along V if and only ifu belongs to lim^ Gvnw / liyV 
for some neighborhood W of the origin. 

Proof. The sufficient condition is obvious. 

Consider coordinates (yi, . . . , yn+i) such that I{V) = (ft) for some monic Weier- 
strass polynomial h G C[yi] [[?/2, • • ■ , J/n+i]] in the variable yi. Choose a poly- 
disk D ~ Di X -D2....,n+i C C X C" in the variables (yi, . . . , y„+i) such that 

{dDi X D2 n+i) n y = 0. Moreover, we choose D such that it is a division 

neighborhood for ft and D CiV C W. We denote 7r(i;i, . . . , yn+i) = iy2, ■ ■ ■ , Un+i)- 
There exists a function bj € Gynw such that g — bj g (ft^) for all j € N. Since ft-' 
is a monic polynomial in yi we can consider the remainder gj of the Weierstrass 
division bj/h^. Since bj e Gonv then g^ e -din-^ {tt{D nV))) C ??(£') for all j E N. 
Clearly g is u.t.f. along V. □ 

Remark 4.1. The results in this section can be enounced in the uniform semi- 
meromorphic case with minor adjustments. For the sake of simplicity we omit such 
a formulation. 
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4.3. Main results. Fix 93 = exp{u{x o ip — x)d/dx) G DifF„p(C"+^, 0) and an 
irreducible component 7 of Fixip. Consider an irreducible equation g = of 7. 
Denote f = x o ip — x. Let e be the multiplicity of 7 in / = 0, i.e. the greatest 
e e N such that g"^ divides /. Denote f / g"^ by h. We choose a set of coordinates 
(2/1, . . . , and a polydisk D — Di x I?2,...,n+i C C x C" in the variables 

(2/1, . . . such that {dDi x D2^...,n+i) 7 = and 

• if is holomorphic in D. 

• Up to a multiplicative unit g is of the form 

9^yi+ y[~^ai^i{y2, . . ■,yn+i) + ■■■ + ao(y2, • ■ ■,yn+i) 
where 0^ (0) = for all < j < ^ - 1. 

• D is a division neighborhood for / = 0. 

• £'2,...,n+i is a division neighborhood for A{g, h). 

If 7 is a non-unipotent component there are two more conditions: 

• -C'2,...,n+i is a division neighborhood for A{g,df /dx). 

• lii(d{x o ip)/dx) is a holomorphic function defined in D such that the set 
[d{x o ip)/dx = 1] n (-D n 7) is connected. 

These notations arc fixed throughout this section. 

Proposition 4.4. Let tp be a up-diffeomorphism and let ^ be a unipotent irreducible 
component of Fixtp. Then logip is u.t.f. along"/. 

Proof. The proprieties e > 1 if 7 is non-fibered or g\dg/dx if 7 is fibered imply the 
existence of a formal series w such that 

ip ~ {x + iig'^h + wg'^^^h, xi, . . . , Xn+i). 

It is a consequence of the Taylor series expansion for the exponential mapping. 
Hence ui = 1 = {x o ip — x)/ f G i^iD) satisfies u — ui € (g). 

We proceed by induction. Suppose u = Ua + g°'v where Ua G Guni] ^^"^ result 
is already proved for a — \. We want to find a similar expression for a + 1. It is 
enough to prove the existence of w G Gon-y such that v — v G (g). We have 

xoip^xo exp{uafd/dx) + g°'+^hv + g°'+''+^hA 

for a certain formal series A. The vector field Uafd/dx is defined in a neighborhood 
of i?n7 and it vanishes in 7. Therefore, its exponential is defined in a neighborhood 
of D n 7. We define 

d= {x o ip — X o exp{uafd/dx))/g°'^^. 

We obtain that d G Gon-y by lemma ini since D is a division neighborhood for / 
and then for g. We have hv — d G (g), thus hv converges by restriction to 7 in 
-D n 7. By applying lemma we get that v converges by restriction to 7 in _D n 7. 
Then there exists v £ Gon-y such that v — v G (g). We define Ua+i — Ua + g'^v, we 
have u — Wq+i G {g°'^^)- D 

Fix ip = exY>{u{xo ip — x)d / dx) G Diff ,(p(C"+^, 0) and an irreducible component 7 
of Fixip. We can express u in the form X^jlo "J 5"' where G C[yi][[y2, ■ • ■ , 2/n+i]] 
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is a polynomial in yi such that deg^^^ u] < I ~ I for all j > 0. These properties 
characterize the sequence {uj} since Uq is the remainder of the Weierstrass division 
ii/g, the series uj is the Weierstrass remainder of [(ii — u1)/g]/g and so on. 
We define E2=El = {h and 

d{xoip)\'' 1 (d{xo'^) 



El^^Q^, : 31<,<.s.t.^^J 
for aU /c > 2. We define 7r(yi, . . . , y^+i) = (y2, ■ • • , ^n+i)- 

Lemma 4.7. (Generic expression) Let Lp — eKp(ufd/dx) be a up-dijfeomorphism 
and let ^ be a non-unipotent irreducible component of Fixtp. Then uJ is holomor- 
phic in Tr~^{D2^...^n+i \ T^{Ej)) for all j > 0. In particular mJ € C{x,xi, . . . 
for all j > 0. Moreover, we have 

(p = cxp iY.u]g^)gh-^ 




in the neighborhood of every point m 7 fl [I? \ tt ^{\Jj>o'^{Ej))]. 
Proof. We have 

(1) xo^-ix + -J2{ul)''h'^{dg/dx)'' 

\ ■ fc=i 

and then d{x o ip)/dx — ^iiZhOg/dx ^ ^^^y deduce that u]^hdg/dx converges 
by restriction to 7 in D n 7. By lemma WM there exists Uq € Gnn-y such that 
Uq — Uq G (g). Since Uq coincides with the remainder of the Weierstrass division 
Uq/(7 then Uq is holomorphic in 7r~^(£'2,...,n+i)- We denote L = g^o'^^a/Qx^ 

We are going to prove the result by induction on j. The result is true for Uq. 
Suppose uJ is holomorphic in 7r^^(_D2....,n+i \ 7r(£'J)) for all j < a. We will prove 

that u^ is holomorphic in 7r^^(I?2,....ri+i \ Let u = X]J=o^ ''^]9''i we denote 

Uq = Uq and V = {u — u)/g°'. 

Let Bq = Hq = x; we define Bj+i = ughdBj/dx and Hj+i = ughdHj/dx for 
j > 0. The next step in the proof is proving by induction that Bj (j > 0) can be 
expressed in the form 

Bj = Hj + vg-^+^h^ui-^idg/dxy-^Cj + g"+^hDj 

where Dj belongs to C[[a;, xi, . . . , and Cj E C. The relations defining the 
sequence are Cq = and Cj = (a + l)(7j_i + 1 for all j > 0. The induction result 
is immediate for j = and j — I. We can develop 



to obtain 

Bj+i = 



Bj+i = {dB,/dx){u + g"'v)gh 




{ugh + g'^+^hv) 



modulo (g^+^/i). By using u — uq e {g) and the equation^we get 

dHj/dx-uih^{dg/dxy e (5). 
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This leads us to the deshed expression 

Bj+i - [H,+, + ul,h=+\dg/dxyg''+H{\ + C,{a + 1))] e {g<^+^h). 
for Bj+i- We note that Cj = {{a + 1)^ - I) /a. We have 

modulo {g^^^h). We simplify to obtain 

- L)hg'^+ 



X o (p ■ 



X o exp{ughd / dx) 



e (g'^+'h) 



auohdg / dx 

Since u is defined in a neighborhood of (-Dn7)\7r~^(7r(£^2-i)) ^^'^ ughd/dx vanishes 
on 7 then xoexp{ughd/dx) is defined in a neighborhood of {D r\j)\Tr^^ {Tr{E2^i)) ■ 
We have the inclusion 

[d{x o ip)/dx = l]n D =[L = l]nDn-f C [uohdg/dx = 0] 

since otherwise [d{x o ip)/dx — 1] n D n 7 is not connected. As a consequence we 
obtain that (L — I)/ (uQhdg/dx) is never vanishing in _D n 7. The function 

^ def X o ip — X o exp{ughd/dx) a uohdg/dx 
1 + L + ... + L"-i L L - 1 

is holomorphic in a neighborhood of (D fl 7) \ (7r~^(7r(i?2_i)) U E^)- The polydisk 
D is a division neighborhood for g. By lemmas [4 . 21 and ETI the series K' = K/g'^'^^ 
is a holomorphic function in a neighborhood of (13 n 7) \ (7r~^(7r(i?2_i)) U 

Since {K' /h)h converges by restriction to 7 in (DOj) \ 7t~^{tt{E2)) then so does 
K'/h by lemmas 14.41 and 14.21 The series ul is the Weierstrass remainder of the 
division [K' /h]/g. Therefore is holomorphic in 7r~^(Z?2,...,n+i \ 7r(£'2)). 

Since x o ip — x o exp((^J^g^ g°'~^)ghd / dx) G (.9"^^) we can apply lemmas 
14.21 and 14.11 to prove the existence of a holomorphic function defined in a 
neighborhood of (Z) fi 7) \ tt^^ (7r(ii^2-i)) ^'^d such that 

The previous equality running on a G N imply that 

</p = exp \i^u]g^)gh^ 



in the neighborhood of every point in 7 n [13 \ tt ^(Uj>o7r(£'J))]. □ 

Remark 4.2. There is not always uniform formal transversality. The logarithm 
of (p = {x + y — x'^,y) is not u.t.f. along 7 = (y — x'^). We claim that pp can not 
be embedded in a formal flow if P £ UjyoEj . Otherwise (pp is formally conjugated 
to j^ipp (prop. \4-l\ ) and then periodic; that is not possible since ipp is non-linear 
and polynomial. We obtain that log(/3 is not u.t.f. along 7 since G UjyoEj . 
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Proposition 4.5. Let (p = cxp{ufd/dx) E Diff „p(C"+^, 0) and let -f be a non- 
unipotent irreducible component of Fixip. The coefficients ofuj in C{?/2, . . 
are meromorphic in -D2,...,n+i for all j > 0. 

Proof. We denote L = e^o'^^a/dx.^ know that L — d{x o Lp)/dx £ (g). Let P be 
a point of (D n 7) \ (L = 1). Since (L = 1) n 7 = {df/dx = 0) n 7 then / = 
is transversal to d/dx in P. In particular 7 is smooth at P and it is the only 
irreducible component of Fix(p passing through P. We can find new coordinates 
{z,xi, . . . ,Xn) in the neighborhood of P such that d/dx and g = become d/dz 
and z = respectively. In these coordinates (p is of the form 

ip{z,Xi, ...,Xn) = {al{xi, . . .,Xn)z + al{xi, . . .,Xn)z'^ + ...,Xi,.. .,Xn)- 

Consider a small enough open neighborhood W{P) of P in Dr\"/, it is parameterized 
by . . . , We ask a\ — 1 for never vanishing in W{P); this is possible since 
L{P) ^ 1. We claim that there exists a such that oipoa = {alz, zi,. . . , Zn) of 
the form 

(00 
Z + Y^Uj{xi, . ..Xn)z^,Xi, ...,Xn 

where (Tj is holomorphic in W{P) \ E'^-i and meromorphic in W{P) for all j > 2. 
We are going to construct a sequence of diffeomorphisms (<^/s) such that tpi = tp 
and (fk is of the form 

(00 
al{Xi,...,Xn)z+ ^ aj{xi,...,Xn)z\Xi,...,Xn 
j=k+l 

where is holomorphic in W{P) \ E'^_^ and meromorphic in W{P) for all j > 2. 
There exists Tk = {z + bk+i{xi, . . . ,Xn)z'^^^ ,x\, . . . ,a;„) such that 

o Vk°Tk - a\{xi,. . .,x„)z e (2;^+^). 

Moreover is unique and ((o})*^"'" — n\)bk+i = Q^+i- By hypothesis b^+i is holo- 
morphic in W{P) \ E'^ and meromorphic in W{P). We define the difFeomorphism 

ipk+i = °'-Pk°Tk- Consider (7 = limj^oo ''"i°- ■ where the limit is considered 
in the Krull topology. Clearly aj is holomorphic in W{P) \ and meromorphic 
in W{P) for all j > 2. Then we define Yp = {u^h{dg/dx)){0,xi, . . . ,Xn)zd/dz. 
We have cp = exp((T* Yp) since {a\z,xi, . . . ,Xn) = exp(yp). We obtain 



u^h^^ {0,Xl,...,Xn) il + Yj(TjZ^ ^ 



cr*Yp = 

We can change coordinates to obtain 

where G i}(W{P) \ E'J) and is meromorphic in W{P) for all j > 1. 

Fix Q G W{P) such that 7r((3) ^ T:{UjeNEj U (L = 1)). There exists an open 
neighborhood W of Q in W{P) such that 7r(U ^^ U (L = 1)) and Tr{W') are 
disjoint. This implies that the series Uq+Y^JLi ujg^ and Uq+J^JLi ''^^9^ belong to 
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lim^ Gw I I[WY . By proposition 14. 21 applied to the fibers of dxi = . . . = dxn = 
we obtain 

oo oo 

(2) ul + Y.^]g=^ul + Y.^^g^. 

We deduce that ul — vf = contains W' . Thus we can extend the meromorphic 
function (wi)|^ to W{P). By considering every point P ^ ^ C\ {df /dx ~ 0) we get 
that is meromorphic in 

p n 7) \ {El n [df/dx = 0)) = Z) n 7. 

We can apply the Weierstrass division theorem to obtain that u1 is meromorphic in 
TT~^{D2....^n+i)- By using the equation [21 and an induction process we obtain that 
(ul), is meromorphic in 

(£» n 7) \ [E] n {df/dx = 0)) = Z) n 7 
for j > 1. Thus Uj is meromorphic in 7r^^(_D2 n+i) for all j G N. □ 

Proposition 4.6. Let (p G Diff „p(C"+^, 0). Then \og(p is t.f. along Fixip. Let 7 
be an irreducible component of Fix(p. If ^ is unipotent then log(^ is u.t.f. along 7, 
otherwise it is u.s.m. along 7. 

Proof. The results on 7 are a consequence of propositions 14.41 and 14.51 and lemma 
14.71 Then \ogtf is t.f. along Fix(p by lemma □ 

We claim that the obstruction for logics to be u.t.f. along a non-unipotent com- 
ponent 7 is the existence of germs ipp for P e 7 which can not be embedded in a 
formal flow. 

Proposition 4.7. Let ip = exp{{ifd/dx) € Diff ,ij,(C"+^, 0). Consider a non- 
unipotent irreducible component 7 of Fixip. Then logp is u.t.f. along 7 if and only 
if there exists a neighborhood of the origin U such that ipp is embedded in a formal 
flow for all P e^nU. 

Proof. The implication =^> is trivial. We denote L = e"o''^ff/^^. We define the set 
F = 7 n [{dL Adg = 0)L){L = 1)]. Since the function L is non-constant in 7 then F 
is a proper analytic subset of 7. We can suppose that the origin belongs to every 
irreducible component of F CiD by shrinking D. Moreover we can suppose that py 
is embedded in a formal flow for all Y S jDD. Let P be a point in {Dnj)\F. There 
exists a system of coordinates (z, . . . , x„) in a neighborhood of P (see proof of 
proposition I4.5|l such that g — and d/dx become z = and d/dz respectively. 
Consider a neighborhood VF(P) of P in D n 7 such that VF(P) n P = 0. 

Consider the notations in the proof of proposition 14.51 Let r G N; suppose Oj 
and bq are holomorphic in W{P) for all A; < r, j > fc + 1 and 1 < q < r. We claim 
that br+i is holomorphic in W{P) and then a^'+^ e d{W{P)) for aU j > r + 2. 
We have [a}((ai[)'^ — = ^r+i by the proof of proposition 14.51 Consider any 

point Q e W{P) such that {al{Q)Y = L{QY ~ 1. The diffeomorphism pq is 
linearizable by proposition l4.1l There exists an element of /i e Diff (C, 0) such that 
o p)Q oh — a\{Q)z and j^h — j^{{Ti o . . . o Tr-\)Q) by proposition 14.31 Now 
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(ti o . . . o Tr-i^Q ^Kh^ z + Cr+iiQ)z''+^ + 0{z'-+^) for SOITIC Cr+l{Q) £ C. By 
construction wc obtain 

[a\{Q){{a\{Q)Y ~ l)]a+i(Q) - <+i(Q). 

Therefore the set a^r+i ^ contains the set {alY = 1. We have 

= F n W{P) D {dal A dz = 0) n W{P). 

Since a\ does not depend on z then da\ never vanishes in W{P). Therefore any 
hypersurface a} — cte is focally irreducible in W{P). Since a^^_^_l G I{a\ — fi) for 
every r-root of the unit ^ then 

is holomorphic in W{P). By proceeding as in the proof of proposition llTSl we obtain 
that uj is holomorphic in Tr~^{D2^...,n+i \ [t^{Ej ) n Tr{F)]) for all j > 0. Since all 
the irreducible components of F adhere to and ^ "^i^]) then the codimension 
of 7r(F) n i^{Ej) C -D2,...,n+i is greater or equal than 2. By Hartogs' theorem itj is 
analytic in 7r^^(_D2 n+i) for all j > 0. Hence u — J^jLo "J 5"' u-t.f. along 7. □ 

5. Formal classification 

The goal of this section is providing a complete system of invariants for the 
formal classification of up-diffcomorphisms. More precisely, we describe the formal 
moduli modulo analytic change of coordinates. 

5.1. Nature of the residue functions. The formal invariants attached to the 
germs if p for P S Fixip are included in the formal invariants of the up-diffeomorphism 
(p. We describe in this subsection the nature of such invariants. 

Let T g Diff „(C, 0), there exists a germ of vector field X G Xn{'C, 0) such that X 
is formally conjugated to logr. We define the order of contact ^(t) between t and 
Id as the order of the function r(z) — z; the definition does not depend on the choice 
of the analytical coordinate z. We consider the dual form of X, i.e. the unique 
form u} € U^{C,0) such that uj{X) = 1. This form is meromorphic at the origin. 
We define the residues Res{T) and i?es(logr) as the residue of a; at 0. This residue 
does not depend on the choice of X, moreover it is a formal invariant. The couple 
{^{t), Res{T)) provides a complete system of formal invariants in Diff„(C,0). 

Fix ip £ Diff „p(C"+^, 0). Let 7 be a unipotent non-fibered irreducible component 
of Fixip. We have pip e Diff„(C,i-') for all P G 7 but Q 1— > Res{<pQ) is not 
continuous in 7. An example is provided hy p — exp(a;^(a; — y) d/dx), we have 
that Res[ip(Q^y)) = if y 7^ whereas i?es((^(o,o)) = 0- We define 

S' {P e 7 : v{pp) > mini/((^Q)}. 

Qe-i 

The set S" is a proper analytic subset of 7. The function Res^{(f) : 7 \ S* — > C 
defined by Res-y{(p){P) = Res{ipp) is holomorphic. We will prove that ReSj{ip) 
can be extended meromorphically to the whole 7 as in the example. Let 7 be a 
non-unipotent irreducible component of Fixp, we define ReSj{(p) : 7 ^ C given by 



Resy{ip)[Q) = 
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where we choose the determination of log such that log 1 = 0. This definition 
makes sense since for Q — [xq, x^, . . . , a;° ) ^ UJ^qEj we have that the residue of 
(log(p)|„„ (x ^x") £ X{C,x°) is equal to Res^{ip){Q). 

I j=l\ J j ' 

Proposition 5.1. Let ip — exp{ufd/dx) G Diff up(C"+^, 0) and let ^ be a non- 
fibered irreducible component of Fixtp. Suppose that 7 is transversal to d/dx in a 
neighborhood o/O. Then Res^{Lp) is a meromorphic Junction ofj. 

Proof. Up to a change of coordinates a — (x+h{xi^ . . . , Xn), xi, . . . , Xn) we can sup- 
pose that 7 = (x = 0). Since u is convergent by restriction to 7 then u{0^ xi, . . . , Xn) 
belongs to C{xi, . . . , a;„}. We can express / in the form J^JLi, • ■ • ; Xn)x^ 

where v — minpg-^ v{ipp); in fact we have that fu{P) 7^ if and only if v{p>p) — v 
for P G 7. Thus Res^{p>) is holomorphic in 7 \ [fy = 0). 
We consider the transformation 

X(^7 "^1 7 ■ ■ ■ 1 •^n ) {.^ fu (-^l ! ■ ■ ■ 7 -^n) 7 ^1 1 ■ ■ ■ ) •^Ti) • 

Then x is a change of coordinates outside oi fu = 0. We define the diffcomorphism 
(p — x*- o ip o obtain 

p = exv\{uox){f.r[z''+ E fAuy-^'^'h^ 

\ \ i=i'+i 

We define ip — exp((log <^)//i'). Since (u o ^ — m)(0, xi, . . . , Xn) = then the func- 
tion [xi, . . . ,Xn) '-^ '^i'P{o,xi,...,Xn)) is equal to the constant ly. Hence the function 
Res^{ip) : 7 ^ C is holomorphic in a neighborhood of the origin. Note that does 
not depend on z; thus we obtain 

Resj{p) = Res^{(p) = Res^{(p)/f^. 

Clearly Res-y{ip) is a meromorphic function of 7. □ 

Proposition 5.2. Let ip G Diff „p(C"+^, 0) and let j be a non-fibered irreducible 
component of Fixtp. Then Res-y(p>) is a meromorphic function of ^ . 

Proof. Suppose 7 does not contain orbits of d/dx. As a consequence there exists 
an irreducible Weierstrass polynomial 

H = X^ + ak-l{xi, . . . ,Xn)x^^^ + . . . + 00(2^1, 

such that J = {H = 0). We denote ■7t{x, xi, . . . , x„) = (a;i, . . . , x„). Let D be the 
critical locus of the projection tt^^. We denote by DD the critical locus of the pro- 
jection TT\D. The analytic set DD has codimension at least 2 in 7. By proposition 
15. II the function Res-y{p) is meromorphic in 7 \ I?. Suppose that Res-y{ip) is mero- 
morphic in '-f\DD. Then there exists a polynomial R = X]j=o ^j(^ii • ■ ■ i Xn)x^ such 
that ReSj{p) = R^j by the Weierstrass division. The coefficients bj (0 < j < fc — 1) 
are meromorphic in a neighborhood of the origin deprived of ■k{DD) . Since the codi- 
mension of Tr{DD) is at least 2 in C" then bj is meromorphic in a neighborhood of 
the origin for all < j < — 1. Thus Res-y{ip) = R\.y is meromorphic. 

Let P G D\DD. The set D is transversal to d/dx at P and then smooth. Since 
dimD = n — 1 then there exist coordinates (z, zi, . . . , z„) centered at P such that 
d/dx and D become d/dz and (z = 0) fl (zi = 0) respectively. We consider the 
ramification 

r(z,Zi,Z2,...,Z„) = (z,Zi',Z2, • ■ • 
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The set r~^(7) is the union of k hypersurfaces, all of them are transversal to 
d/dz. The function Res^{if) oT ~ i?esT-i(^) (T*(/?) is meromorphic in T~^{^) by 
proposition 15. II Wc undo the ramification to obtain that Res.y{(p) is meromorphic 
in a neighborhood of P and then in 7 \ DD. 

If 7 contains orbits of d/dx we can reduce the situation to the previous one by 
blowing-up fibered sub-manifolds of 7. We are done since the field of meromorphic 
functions in 7 is invariant by blow-up. □ 

Next we express the function Res^{ip) in a convenient way. 

Lemma 5.1. Let (p G Diff tjp(C"^^, 0) and let j be a non-fibered irreducible compo- 
nent of Fixip. Then there exist A e C{x, xi, . . . , a;„} and B e Cjxi, . . . , a;„} such 
that Res^{ip) {A/B)^^. 

Proof. There exist A' , B' € C{a;, a;i, . . . , a;„} such that Res^{if) — {A'/B')\^ by 
proposition 15.21 We denote 7r(a:,a;i, . . . ,Xn) = {xi, . . . and Z = 7 n {B' = 0). 
Let (7 = be an irreducible equation of 7. We have dimZ < n — 1 and then 
dim7r(Z) < n — 1. Consider h in C{xi, . . . ,a;„} such that ft|7r(z) = but h^^ ^ 0; 
that is possible since 7 is non-fibered. We obtain 



h e IZ{g, B') =^ he y/{g,B') ft" = Jg + KB' 

for some m G N and J, K E C{x, xi, . . . , Xn}. The function 

A _ KA' _ KA^ 
B ^ KB' + Jg ^ "ft™~ 

is equal to Res-y{ip) in 7. □ 

5.2. The homological equation. We can linearize the problem of formal clas- 
sification of up-diffcomorphisms. It can be reduced to deal with equations of the 
form 

da _A 

where A, / e <C{x,Xi, . . . ,Xn}- This equation is called the homological equation. 
Consider the decomposition f[^... fp^'F^^^ . . . F^'' of / in irreducible factors. We 
suppose that fj = is non-fibered and i^^ = is fibered for all 1 < < p and 
I < k < q. Moreover we suppose that Fk € C{xi, . . . , Xn} for 1 < fc < q. Now we 
define /at = 11^=1 fj^ fp = Y\X=i ^k^'' ■ We say that a meromorphic germ of 
function a is special with respect to / if it can be expressed in the form 

/3 



//i — 1 _rf'p 1 _p 

1 ■ ■ ■ fp If 



for some /3 in C{x, xi , . . . , a;„}. A homological equation da/dx — A/ f is special if it 
has a special solution (with respect to /). Most of the times we drop the expression 
"with respect to f since it is clear from the context. We say that the homological 
equation is free of residues if the one-dimensional 1-form 

(-^(x, x?, . . . , 4)^ dx e n^{n]^, {x, = x^)) 

has residue zero at the neighborhood of every point P — {x^ ,x\, . . . , ) such that 
/^(P) =0 and /jv(a:,x?,..., 4)^0. 
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Lemma 5.2. Let E — [da/dx = A/ f] he a free of residues homological equation. 
Suppose /jv(a;, 0, . . . , 0) ^0. Then E is special. 

Proof. We can suppose that fp is a unit since provided a special solution a' of 
da' /dx — A/ fpf the function a — a' / fp is a special solution of E. Consider a small 
neighborhood V' xW oi the origin in C x C" contained in the domain of definition 
of E. We can suppose that V is simply connected. Let V C C a, simply connected 
open set such that cV. We can suppose that {V x W) n (/at = 0) = 0. 

The equation E has a solution a G d{V x W). It can be extended to the set 
{V X W) \ {fN = 0) by analytic continuation since the residues vanish. Consider 
a point Q e (/jv = 0) such that d/dx is transversal to /at = at Q. There 
exist coordinates {z,zi, . . . , z„) centered at Q such that d/dx and /at = become 
d/dz and z — respectively. By integrating with respect to z we obtain a special 
solution aq in the neighborhood of Q. Now d{a — ag)/ dx — implies that a — aq 
is holomorphic in a neighborhood of Q. Hence a is special in a neighborhood of Q. 
Since d/dx is transversal to /at = except at a set whose codimension is greater 
than 1 then a is a special solution of E. □ 

Corollary 5.1. For n = 1 (i.e. A, f ^ C{x,xi}J we have that a homological 
equation da/dx — A/ f is free of residues if and only if it is special. 

In general the vanishing of the residues does not imply the existence of a special 
solution. An example is given by da/dx ~ \/{z — xyf . On the one hand it is free of 
residues since a = 1/ {{z—xy)y) is a solution. On the other hand there is no a special 
solution (3/{z — xy) since otherwise we obtain 1 — {dl3/dx){z — xy) + Py G (y, z). 

We want to obtain a solution as close as possible to be special for a free of 
residues equation da/dx = A/f. Let 0^=1 fj^ be the decomposition in irreducible 
factors of /at- We consider the analytic set >S'(/) obtained as the union of the fibered 
varieties contained in H; >i fj = 0- The codimension of S{f) is at least 2. The set 
S{f) is called evil set. 

Proposition 5.3. Let E = [da/dx = A/f] be a free of residues homological equa- 
tion. Let H G C{a;i, . . . , Xn} \ {0} vanishing in the evil set of f. Then there exists 
fc S NU {0} depending only on f such that da/dx = [AH^)/ f is special. 

5.2.1. proof of proposition Let /j^ ^^'^ decomposition in irreducible 

factors of Jn- We define the following sheafs: 

• ^-r(/) of functions a such that af /{fi . . . fp) is holomorphic. 

• ^oif) is the sub-sheaf of ^nif) of first integrals of d/dx. 

• ''^qH) is the quotient sheaf iJ^, £>(/). 

Note that the sheafs ^oif) and ^q{f) does not change if we replace / with 

fF'n.i.:^i// ■ 

The vanishing of the residues of E implies that fj divides A ii Ij — 1. By 

replacing E with da/dx = {A/ JJi /j)/ II; >i fj^ '^^ '^^'^ suppose that Ij > 1 for 
all 1 < j < p. 

Consider a small poly disk A C C"+^ such that A G '&{^)- Now for every 
y e A \ S{f) there exists a solution ay £ of E defined in a neighborhood 

Uy of Y by lemma 1^21 For another F' G A \ S{f) we have 9(ay — aY')/dx = 
and then ay — ay G ^D{f){UY fl Uy'). Therefore E defines a unique section 
in i?"(A \ 5(/),z?q(/)). Conversely, let B e H°{A \ S'(/), ^'q(/)); we have that 
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fdB/dx is holomorphic in A \ S{f). Since cod5'(/) > 2 then JdB/dx can be 
extended to A. Thus da/dx = [JdB /dx)/ f is a free of residues homological 
equation defined in A. We proved that 

Lemma 5.3. Fix f G C{x, xi, . . . , x„}. The free of residues homological equations 
defined in A of the form da/dx = A/ f are in a bijective correspondence with 
H%A\S{f)Mf)). 

The exact sequence ^ 'doif) — * '^nif) ''^gif ) ^ provides the long exact 
sequence 

^ ffO(A \ S{f),^n{f)) ^ H'{A \ S{f), Mf)) ^ 

^ H'{A \ 5(/),i?q(/)) ^ H\A \ Sif), Mf)) - • • • • 
The set of special equations of the form da/dx = A/ f is the image of p^. We have 

g°(A\5(/).,9Q(/)) s" 1 

Since the existence of the evil set is itself an obstruction for the vanishing of 
H^{A \ S{f),'&D{f)) we try to remove it by blow-up. Consider a sequence of blow- 
ups TTi, 7r2, . . ., TTd centered at fibered varieties. In other words the center of tti is 
fibered, the center of 7:2 is a union of orbits of {-kx)* {d / dx) and so on. We denote 

TT = TTl O . . . O TTrf. 

After a finite number of blow-ups we can obtain tt such that the; stric;t transform 
fj of fj = does not contain orbits of 7r*{d/dx) for all 1 < j < p. Let 11^=1 
be the irreducible decomposition of fp- The divisor [/ o tt] is of the form 

[/ ° ^] = E + E ™J J + E i^j] 

i=i i=i i=i 

where Fj is the strict transform of Fj = 0. We have that 7r~^ (£'(/)) = Uj^iHj 
where Hj is a fibered hypersurface and Cj e N for all 1 < j < s. We define 
k = maxi<j<s Cj. We obtain 

[(HVf) o tt] = k[H] + E m,[F,] + E tAH,] 
3=1 j=i 

where H is the strict transform oi H = and tj > k > Cj for all 1 < j < s. 

Consider a polydisk A; we consider the sheafs t?D(/o7r), i?i{(/o7r) and t?Q(/o7r). 
We have 

'^^W^WmT^ (A),^.(/°-)). 

The polydisk A is of the form Aq x A' C C x C". Moreover, the choice of tt implies 
7r"i(Ao X A') = Ao X 7r"i(A'). We obtain 

H\7r-\A),f9D{iH\fF)o7T)) ^ H\7r-\A'),f9). 

We can prove by using the expression of the blow-up in coordinate charts that 
ifi(7r-i(A'),i?) = ifi(A','!?). This implies 

H\7r-\A),^D{{H''fF)o7T)) = 0. 
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Since 




then for any homological equation da/dx — A/f such that A G 0{A) we can find 
a meromorphic solution f3' in 0{tt~^{A)) such that 

moo < k[H]+Y,{h ~ im+j2^AFj]+i2tAHj]. 

By blowing-down we obtain a solution /3/(^^'^/f IIkjXp /j^ ^) the equation 
aa/ax v4// for some /3 e 0(A). 

5.2.2. Relation between free of residues and special. Fix / G C{a;, xi, . . . , Xn}- Let 
Fr{f) be the set of free of residues homological equations of the form da/dx = A/ f 
for some A G C{a;,a;i, . . . ,a;„}. We define Sp{f) as the subset of Fr{f) of special 
equations. We are interested on describing the structure of the space Fr{f)/Sp{f). 
We denote H^iA \ ^(/),,?q(/)) by Fr{f,A) and /(ijO(A \ by 
Sp{f,A). The next proposition is straightforward. 

Proposition 5.4. Let 7^ / G C{a;,a;i, . . . W^e /laiie 

FrCf)^ g"(A\5(/),z?Q(/)) 
^ pO(i70(A\5(/),^^(/))) 

We have Fr{f)/Sp{f) = for small evil sets. 

Proposition 5.5. Suppose codS{f) > 3. Then a free of residues da/dx ~ A/f is 
special. 

Proof It is enough to show that ^^(A \ S{f),i^Dif)) = for all polydisk A small 
enough. We have ^ ''^^oifw) — ^ where is the sheaf of holomorphic 

functions in C". The sheaf is coherent and then the first homology group does 
not change by removing analytic sets of codimension at least 3 We obtain 

H\A\Sif),^D{f)) = 0. □ 

Denote by e(A) the canonical mapping from Fr{f, A)/Sp{f, A) to Fr{f)/ Sp{f). 
The next proposition makes clear that Fr{f) / Sp(f) behaves like a space of germs. 

Proposition 5.6. There exists a fundamental system {Aj) .^-^ of open neighbor- 
hoods of the origin such that e{Aj) is injective for all j G N. In particular we 
have 

Frjf) _ , , Frif,A,) 
Sp{f) '''^''Sp{f,A,) 

Proof. We can suppose that fp is a unit without lack of generality. Therefore we 
have 'Onif) — where i9 is the sheaf of holomorphic functions in C". 

Consider the subset S'{f) of S{f) of points at which S{f) C C" is smooth and 
of codimension 2. We define A^ = x such that 

• (^ )jgN is a sequence of open neighborhoods of G C. 

• {Vp) .^^ is a sequence of open neighborhoods of G C". 

• All the connected components of S"(/) in adhere for j G N. 
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Fix j e N. We have to prove that the properties E e Fr{f,Aj) and e{Aj){E) = 
imply E e Sp{f, Aj). Consider the element 5°{E) of H'^{VJ' \ S{f), For every 
open set U CVJ^ \S{f) we define U) as the image of S°{E) by the canonical 
mapping 

H^{VP\SiM^H\U,'&). 

We define S"{f) as the subset of S'{f) whose elements P e S"{f ) satisfy that there 
exists an open neighborhood Up C V^" of P such that S^{E, Up \ S{f)) = 0. This 
property is equivalent to the existence of a neighborhood of Vj x {P} where E has 
a special solution. 

By definition S"{f) is open in S'{f) H VJ". We claim that S"{f) is closed in 
5"(/) n VJ". Let Q e S"{f) n {S'{f) n V,"). There exists a coordinate system 
(j/i, . . . , y„) centered at Q such that S{f) is given by yi = y2 = in a neighborhood 
of Q. We denote fC^ — n^^^dy^l < 5); we fix (5 > such that Kg is contained in 
Vp. Denote Kg — Ks\ {yj = 0) for j G {1, 2}; then U Kg is a Leray covering of 
Ks \ S{f) for 'd. There exists a special solution hk G "^RifJiVj x of i? for all 
fc G {1, 2}; moreover <5°(i;, i^a \ S{f)) is given by the function hi-h2 € n/r|). 
As a consequence hi — /i2 can be expressed in the form 

hi-h2= ^ ak,i (ys, • • • , yn)yiyi 

where ak,i is holomorphic in np^3(|j/r| < S) for all (fc, I) G Z^. Since Q € S"{f) then 
afe,i vanishes in an open set of n"^3(|j/r| < ^) and then in the whole np^3(|?/r| < 6) 
for all (fc,/) G (Z<o)^. The function 

hi- ^ ak,i{y3,...,yn)yiy2 = h2+ ^ akAvs, ■ ■ ■ ,yn)yiy2 

fcGZ.;>o fc>o,i<o 

is a special solution of i? defined in Vj x (X^ \ S{f)) and then in 1^- x Ks since 
cod5(/) > 2. Therefore S"'(/) is closed in S"(/) n V,". 

Every connected component of S'{f) fl VJ^ adheres to and then it intersects 
S"{f) since e{Aj){E) = 0. We obtain S"'(/) = S"(/) n V,". Indeed d°{E) belongs 
to ffi(y/ \ {S{f) \ S'{f)),&) by the previous discussion. The set S{f) \ S'{f) has 
codimension greater than 2 and then 6^{E) = by Scheja's theorem. Thus E 
belongs to 5p(/,Aj). □ 

In the low dimensional cases we can be even more explicit. 

Proposition 5.7. Let 7^ / G C{x, xi, . . . , Xn}- Suppose n < 2. Then there exists 
a fundamental system {Aj) of open neighborhoods of the origin such that e{Aj) 
is an isomorphism. Moreover Fr{f)/Sp{f) is a finite dimensional complex vector 
space. 

Proof For n < 1 we have S{f) = 0. Thus H^{A \ S{f),-&D{f)) = for every 
domain A small enough. That implies Fr{f ) / Sp{f) = 0. 

Let n — 2. We can suppose that fp is a unit without lack of generality. Moreover 
we can also suppose that S{f) ^ since otherwise we proceed as for n < 1. Thus 
we have S{f) = {(0,0)} since codS{f) > 2. Consider a sequence Aj — B{0, 1/j)^. 
We define iTj = B{0, Xjjf \ {xi = 0) for I G {1,2}; the set B{0, l/jf \ {(0,0)} 
admits a Leray covering U if? for 
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By proposition 15.31 there exists fc G N such that every E e Fr{f, Aj) has a solu- 
tion aE.i/xf where aE,i is special in -6(0, for / G {1, 2}. Now 5'^{E) is given by 
the function aE,i/x'l — as, 2/^2 £ i^iKj tlKj). By construction aE,i/xi —aE, 2/^2 
is of the form h/(x\x2) where h is holomorphic in i3(0, l/j)^- Since x1x\ is in 
H^iB{0, l/j)2\{0}, 1?) if (a, 5) ^ (Z<o)^ then the dimension of Fr(/, \j)/Sp{f, Aj) 
as a complex vector space is less or equal than k^. 

The canonical mapping 

Fr{f,A,) fr(/,A,-+i) 
Sp{f,A,) Sp{f,A,+i) 

is injective by proposition 15.61 for j » 0. Thus dime Fr{f, A j) / Sp{f , Aj) is a 
non-decreasing sequence from some moment on. Since it is bounded by above then 
dime F^ifi ^j)/Sp{f, Aj) is constant for all j > jo and some Jq G N. Hence e{Aj) 
is an isomorphism for all j > jq. Clearly Fr{f) / Sp{f) is finite dimensional. □ 

5.3. The residue functions are formal invariants. The invariance of the residues 
is based on the study of the dual form. Let ip — exp{ufd/dx) G Diff i,p(C"+^, 0). 
We call dual form of log (p the dual form dx/{uf) of log (p in the relative cohomology 
of d/dx. Since u is t.f. along / = then there exists u G C{x,xi, . . . ,a;„} such 
that u — u£ (/). We define the differential dih = {dh/dx)dx relative to d/dx. We 
have 

dx dx u — u 1 , dx , - 
^ - + — zdx = — + diK 

for some K G C[[a;, xi, . . . , a;„]]. Thus the dual form can be decomposed as the sum 
of a meromorphic 1-form and a formal exact 1-form. Moreover a = exp^ufd/dx) 
and (f have the same residue functions. Let /at — 11^=1 fj^ y by lemma 15.11 there 
exist series Pj G C{x,xi, . . . ,Xn} and Qj G C{xi, . . . , a;„} such that we have 
Resf-^o{ip) = {Pj /Qj)\f.^o for all I < j < p- We define 

The form lu has vanishing residues in = 0. We obtain lu — di{A/ B) for some 
A,B'E C{x, xi, . . . , Xn} by proposition |^| This implies 

Lemma 5.4. Let = exp(u/a/9a;) G Diff „p(C"+\ 0). We have 

, V- Pj dfj/dx 



/or some C G C[[a;, xi, . . . , a;„]] and Z) G C{a;, xi, . . . , 

Let ¥3i,<^2 e Diff„p(C"+\0). Suppose that there exists a G l5iff (C"+\0) such 
that ip2°(^ = o-oifi. Denote f = xoipi—x. Consider the irreducible decomposition 

fNfp - 11^=1 fj' UU PP of /■ We have 

• (7 preserves the fibration dxi = . . . = dxn = 0. 



fj o (7*^ "'^^ = is a non-fibered sub-variety of Fix(p2 for I < j < p. 
Fj o6-(-i) = is a fibered analytic subset of Fix(p2 for I < j < q. 
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Let gj = be an irreducible analytic equation of fj o ct^^^) = for 1 < j < p. The 
dual forms of log and log (^2 can be expressed as 

/Ci\ V- PldfJd'j- , , fC2\ V- PfdgJdx, 

l<j<p l<j<p 

respectively. 

Proposition 5.8. T/ie residue functions are formal invariants. 

Proof. We keep the notations preceding the proposition. Wo define Mj = Qj {Q'joa) 
and Nj = Pj{Q^o(7)-Q^{P^o(7) for I < j < p. Our claim is equivalent to Nj € (fj) 
for all 1 < j < p. Wc denote by ^Ij the dual form of logi^j for j in {1, 2}. We have 
(7*02 = ^1- Note that a*{hdx) = {ho a){d{x o &) / dx)dx] wc are always working in 
the relative cohomology with respect to d/dx. We have that a*^2—d\{{C2/ D2)oa) 
is equal to 




pf , d{gj o a)/dx 



)2 

oa\diixou)= ^' -7^°^-^ — " 'J ""^ dx. 



By construction Qj o a is of the form Vjfj for some formal unit Vj and all 1< j <p. 
We obtain 

a*n2-d,{{C2/D2)oa)^ %oa^^4^dx+ ^ o a^-^^dx. 

The form X]i<j<p((-P;^/Q|) ° o-){{dvj /dx)/vj)dx docs not have non-fibered poles 
and then it can be expressed in the form di( Ji/ J2) for some Ji G C[[a;, a;i, . . . , a;„]] 
and J2 e C[[a;i, . . . , Since &*fl2 = ^1 then there exist C,D G C[[x, xi,. . . , Xn]] 
such that 

The previous expression is equivalent to 

1 1 n A n - n A ri (S" - ) . 

j=\ k^j k^j k=l k=l ^ ' 

Let \Xr the greatest integer such that /^'' divides D for 1 < r < p. For fir > the 
left hand side belongs to (Z^^"^) and the right hand side belongs to {f \ ifr'''^^)', 
this implies that /x^ = for 1 < r < p. The right hand side belongs to {fr), as a 
consequence 

E n n e (^) ^ {fr) 

for all 1 < r < p. □ 

5.4. Homological equation and formal conjugation. Let / be an element of 
C{x,x\, . . . ,Xn}. We say that a G f)iff p(C"+^, 0) is special with respect to / = 

ifxoa - X e ^/JJn)- 

We say that tpi, (^2 G Diff„p(C"+"'^, 0) are formally conjugated by a special trans- 
formation if there exists a special a £ Diffp(C"'+^, 0) (with respect to a;o(^i — a; = 0) 



24 



JAVIER RIBON 



such that Lp2 o cr — o o Lpi. In such a case [x o ipi — x) / {x o — x) is a unit. Thus 
(/?!, If 2 both belong to 

2?/ = e Difr„p(C"+\0) : (x o - x)// is a unit} 

for some / G C{x, xi, . . . , a;„} such that /(O) = and {df/dx){0) = 0. We restrict 
our study to formal special conjugations. Later on we will see that this point of 
view is complete since general formal conjugations can be reduced to the special 
setting. 

Let ipi,(p2 G Vf. We define iij = {\og(pj){x)/ f for e {1,2}. Throughout 
this section we fix the decomposition 0^=1 fj^ of in irreducible factors. The 
equation 

da _ 1 1 

dx Ulf U2f 

is called the homological equation associated to ipi and ip2. We call it special if 
there exists a special solution (3/{fF 11^=1 fj ^) where /3 in C[[a;, xi, . . . , a;„]]. Note 
that if l/iii — l/u2 G C{x,xi, . . . ,x„} then the definition of special of subsection 
15.21 implies that the solution is convergent. Both definitions are the same. 

Lemma 5.5. Consider a homological equation E = [da/dx = A/ f) where A, f 
belong to C{ } . // there exists a formal special solution then there also 

exists a convergent special solution. 

Proof. We can suppose that fp is a unit without lack of generality. Consider a 
formal special solution P/ ([\i<j<p fj^ ^) of ^- We have 

j=i J=i fee{i,...,p}\{j} 

If Ij = 1 then fj divides A. By considering da/dx — (^/ Oij^i /j)/(nij>i /jO 
we can suppose that Ij > 1 for all I < j < P- The function A belongs to the 
ideal generated by H^^i fj and J2^^^ii^j - l){dfj/dx) Hfc^j fk in C[[x, xi,..., Xn]]- 
Thus it also belongs to the ideal in C{x, xi, . . . , Xn} sharing the same generators; 
in particular there exist C, Dq £ C{x, xi, . . . , Xn} such that 

A=cf[f,^Do±ii,^i)^ n /- 

J=i J=i ke{i,....p}\{j} 

We define j ^ (3 — D^. We obtain 

i=i J=i fce{i,...,p}\{i} ^ ^ j=i 

The previous formula implies that 7 e (11^=1 /j")- Hence (7/ H^^i /j)/(nj=i 
is solution of 

da _ C - dPo/dx 

By induction on maxi<j<p Ij we can prove that there exists D G C{a:, . . . , x„} 
such that (/3 — £')/n^=i /j^ ^ is a solution of an equation da/dx — ^ for some 
^ G C{a;, . . . , a;„}. We choose a convergent solution a^ G C{a;, Xi, . . . , a;„} of the 
latter equation. Then D/Yf-^-^ fj' ^ +q;o is a special convergent solution of E. □ 
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We introduce the main proposition in this subsection: 

Proposition 5.9. Let (pi,(p2 G Diff ti)9(C"^^, 0). Then they are formally conjugated 
by a special transformation if and only if the associated homological equation is 
special. 

The proposition implies that the existence of formal special conjugation is equiv- 
alent to the solvability of a linear differential equation. The proof of proposition 
15.91 is obtained by reducing the setting to the case where log^Pj is convergent for 
JG{1,2}. 

Proposition 5.10. Let (pj = exp{ujfd/dx) € Diff „p(C""'""'^, 0) with convergent 
logarithm for j G {1,2}. Assume that the homological equation associated to ipi 
and ip2 is special. Then ipi and Lp2 are conjugated by a special diffeomorphism. 

Denote by ~ the equivalence relation given by ipi ~ (p2 if 'fii is conjugated to tp2 
by a special a G Diff p(C"+\ 0). 

Proof. Let us use the path method (see ^I] and [H]). We define 

V _ -f ^ _ UiU2f d 



dx zui + (1 — z)u2 dx 

Denote c = it2(0)/(u2(0)-ui(0)). We have G ^"(€"+1,0) for all zq G C\{c}. 

The choice of Xi+z assures that the homological equation 

da f dx dx 
dx \uif U2f , 

associated to exp(Xi) and exp(Xi+2) is special. It is enough to prove that Xi X2 
for c ^ [0, 1]. If c G [0, 1] we define 

yi ^ UjUi+J d ^^^^ ^2 ^ "i+»"2/ d 
zui + {1 — z)ui^i dx zui+i + {1 — z)u2 dx' 

Since ui+i(0)/(wi+i(0) — ui(0)) and wi(0)/(mi(0) — tii+i(0)) do not belong to [0,1] 
then Xi fS Xi+, - X2. 

Suppose c ^ [0, 1]. We look for W G X{C"+^,0) of the form 

Tir , / 9 d 

W = h{x,xi,. . . ,Xn,z)f— + — 
dx dz 

such that [W, Xi+^J = 0. We ask hfp YVj=i fj ^ be holomorphic in a connected 
domain V xV d C"+i x C containing {0} x [0, 1]. We also require hf to vanish 
at {0} X V . Supposed that such a W exists then exp(W^)|^^g is a special mapping 
conjugating Xi and X2. 

The equation [ly, Xi+z] = is equivalent to 

d{hf) ,,d{ui+J) d{u,+J) 
dx dx dz 

By simplifying we obtain 

dh dui+z dui+z dih/ui+z) 1 1 

ui+zj^ = ^ n = — 7 7- 

dx dx dz dx uif 1*2/ 

Let a be a special solution of the homological equation associated to tpi and ip2. 
For p = we can suppose (a/)(0) = by choosing a of the form a' /fp where 
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a' e C{x,xi, . . . ,Xn} satisfies a'(0) = and da' /dx = 1/ui — 1/m2- We are done 
by defining h = ui+^a. □ 

The reciprocal is also true. 

Proposition 5.11. Let (pj = exp{ujfd/dx) G DifF„p(C"+^, 0) with convergent log- 
arithm for j G {1,2}. Suppose (pi ^ (^2- Then the associated homological equation 
is special. 

Proof. We denote by T the union of the non-fibered irreducible components of 
f — 0. For P ^ T there exists a special solution tjjj^p of 

dipj,p 1 
dx Ujf 

defined in a neighborhood of P for j G {1, 2}. It is a consequence of lemma 
15.21 Consider a special diffcomorphism a conjugating (pi and (p2. We define the 
diffcomorphism cr^ = (1 — z)Id + za for all z G C; we have that is special for all 
z G C. For P ^ T and z G [0, 1] wc define 

7.(^)=^2,P0C7,(P)-1/>2,P(P). 

In the previous expression V'2,p o '^ziP) is the value at o^iP^ of the analytical 
continuation of "02. p along the path [0,2:] : s — > as{P). Then 7^ is by construction 
a special solution of the homological equation associated to ai o ip2 ° cFz and 
Lp2 defined in the complementary of T for all z G [0,1]. There exists a special 
solution ap of the homological equation associated to Lpi and (^2 and defined in 
the neighborhood of P for P ^ S{f) by lemma ^7]\ Since 9(71 — ap)/dx — then 
71 can be extended to the complementary of S{f). Moreover codS'(/) > 2 implies 
that 71 is special in a neighborhood of the origin. □ 

Next proposition claims that every formal class of conjugation contains at least 
one convergent normal form. That will allow us to prove DroDOsition l5 . 9l bv reducing 
the problem to the settings considered in propositions 15 . lOl and 15 . iTl 

Proposition 5.12. Let ip ~ exp{ufd/dx) G Diff „p(C""'"^, 0). There exists a germ 
of function u G C{a;, xi, . . . , Xn\ such that Lp and exp{ufd/dx) are formally conju- 
gated by a special transformation. 

Proof. Since ii is t.f. along / = (prop. I4.6|l then there exists Uk G <C{x, xi, . . . , x„} 
such that u — Uk & for all /c G N. We denote ipk = exp{ukfd/dx). Let 7fc be 
a solution of the homological equation associated to ipk and (pi. Since 1/uk — 1/ui 
belongs to the ideal (/) we can choose 7fe in {x) n C{x,xi, . . . ,Xn}. We have 
7fe+i — 7/c G m'^ where m is the maximal ideal since 9(7fc+i — jk)/dx G {f'^^^)- The 
diffeomorphisms ipk and ipi are conjugated by 

def f UkUl r 9 d\ 

Moreover tjfc converges in the KruU topology to some special a G Diff p(C"+^, 0) 
conjugating if and Lpi. □ 

proof of the implication =^ of vrovosition TS~^ Define / = x o (pi — x. We have 
log</5j = Ujfd/dx for j G {1, 2}. Consider a unit uj in C{x, xi, . . . , Xn} such that 
iij — Uj G (/). Then Uj — exp{ujfd/dx) is formally conjugated to tpj by a special 
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G C[[a;, xi, . . . ,Xt, 



transformation for j G {1, 2} by the proof of proposition 15 . 1 2l Thus ai and 0:2 are 
formally conjugated by a special transformation a G DifFp(C"+^, 0). Since 

---Vf--- 

,"1/ "2// \Ulf U2f , 

it is enough to prove that the homological equation associated to ai and 02 is 
special. 

We denote by m the maximal ideal of C[[ 11. For k > 2 there exists 

hk G C{x, xi,..., Xn} such that hk-x e (\Tj=i fj) and (x o a - hk)/ iVj^i fj ^ 
since a is special. We define the special diffeomorphism ak = {hk,xi, . . . ,Xn)- 

Suppose fwiP) 7^ 0. There exists a special solution V2,p of da/dx — I/U2/ 
defined in the neighborhood of P. We define jk{P) = 4'2,p ° o'k{P) — V'2,p(-P) as in 
proposition 15.1 11 Then 7^ extends to a special solution defined in a neighborhood 
of the origin of the homological equation associated to ct^ o a2 ° Ok and a2 
(see proof of prop. 15.11(1 . We define = IkfE^Yj^ifj ^; we claim that the 

sequence (3k converges to some [3 G C[[a;, xi, . . . , a;„]] in the KruU topology. That is 
a consequence of Taylor's formula since 

7fc - 7i = 2^ ^ ( ^ o aiUxocJk-xo ai) 

r—l ' ^ ^ 

implies that 13k — Pi G rh™'"'^'^''-' . Since (log(cr^ o a2 o f7k)){x) converges to 
(logai)(a;) in the KruU topology then P/ifpY^j^i // ^) is a special solution of 
the homological equation associated to ai and 02- □ 

proof of the implication <^ of proposition 15. M We have that log ipj is of the form 
Ujfd/dx for j G {1,2}. Let Uj G C{x, Xi, . . . , a;„} such that Uj — Uj G (/) for 
j G {1,2}. We define aj = exp{ujfd/dx). The homological equation 

5a /J_ J_\ /J_ ^\ /J_ _J_ 

dx \Ulf UlfJ \Ulf U2f J \U2f U2f , 

associated to a-i and a2 is the result of adding three special equations; thus it 
is special. The difi^eomorphisms ai and a2 are conjugated by a germ of special 
diffeomorphism a (proposition I5.1U|) . By the proof of proposition 15.121 we know 
that Lpj and aj are conjugated by a formal special diffeomorphism &j for j G {1, 2}. 
Then (T2 o cr o cti is a formal special diffeomorphism conjugating and </?2. D 

5.5. Theorem of formal special conjugation. We describe in this section the 
nature of the invariants for the formal special conjugation. The next result is a 
corollary of propositions 15.81 and 15.91 

Theorem 5.1. The residue functions associated to the non-fibered irreducible com- 
ponents of f — and the complex vector space Fr(f)/ Sp{f) are a complete system 
of formal invariants for the special conjugation inVf. 

Let us clarify the statement. Let (p G Vf; we define the subset 'Df{ip) of Vf 
whose elements r satisfy that Res-y{ip) = ReSj{T) for all irreducible component 7 
of /tv = 0. The theorem claims the existence of Invf : T>f{ip) Fr{f)/Sp{f) such 
that Invf{ipi) = Inv{(f2) if and only if ipi and ip2 are formally conjugated by a 
special transformation. 
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Consider t = cxp{urfd/dx) G Vf. Since iir is t.f. along / = there exists 
a unit Ur G C{.r, xi, . . . , .x„} such that Ur — Ur S (/). We define a mapping 
Inv^^ : Vf{ip) ^ Fr{f)/Sp{f) given by 



5a _ 1 / 1 1 

9a:: / 



The value Inv'^{T) is independent of the choices of and Ur- The mapping /nwj is 
not the only choice for Invf since Inv"^ ^ Inv'^ if Invj{T) ^ 0. Thus Fr{f)/Sp{f) 
is a classifying space for the formal special conjugation but the mapping Invf is 
not canonical. 

We say that Fr{f) contains units if there exists [da/dx = A/f] in Fr{f) for some 
unit A e C{x,Xi, . . . ,Xn}- Next we prove that there are no redundant invariants 
in Fr{f)/Spi.f). 

Lemma 5.6. The mapping Inv^ is surjective except if Fr{f) contains units but 
Sp{f) does not. In such a case [da/dx = A/f] + Sp{f) belongs to Inv'^ (Vf{(f)) 
if and only if A{0) ^ —l/u^{0). Anyway Fr{f)/Sp{f) is the complex vector space 
generated by Inv'^{'Df{ip)). 

Proof. Fix a homological equation E — [da/dx — A/f] £ Fr(f). 

Suppose that l/w^(0) ^ —A{0). The formula 1/u = \/u^ ^ A defines a unit 
u e C{a;,xi, . . . ,a;„} such that Inv'^{exp{ufdx)) = E + Sp{f). Then we suppose 
from now on that l/u^{Q) = -A{0). We have that \E + Sp{f) € Inv'^ {V f (ip)) for 
all A G C \ {1}. Note that XE = [da/dx = XA/f] for A G C. 

Suppose that both Fr{f) and S{f) contain units. Since there exists an equation 
[da/dx = B/f] e Sp{f) such that B{0) ^ then 

E + Sp{f) = [da/dx ={A + B)/f] + Sp{f) G 7n^;J(2?/(^)). 

If Fr{f) contains units but Sp{f) does not then there does not exist a special 
[da/dx = B/f] such that 1/m^(0) + A(0) +B(0) 7^ 0. As a consequence ^ + 
docs not belong to Inv'^ (T>f{(p)). □ 

Next results are a direct consequence of the analogous ones on the homological 
equation 

Corollary 5.2. Let f G C{x,xi, . . . ,Xn}. Suppose that n < 1 or codS{f ) > 3. 
Then the residue functions are a complete system of formal invariants for the special 
conjugation in Vf c Diff„p(C"'+^, 0). 

Corollary 5.3. Let f G <C{x,Xi,X2}. Then the residue functions plus a finite 
number of linear invariants are a complete system of formal invariants for the 
special conjugation inVf c Diff„p(C^,0) . 

5.5.1. The example f = {x2 — xxif G C{x, xi, . . . ,a;„}. 

Lemma 5.7. Let f — {x2 — xxif . Consider E — [da/dx = A/f] in Fr{f). Then 
E G Sp{f) if and only if A G {xi,X2)- 

Proof. If there exists a special solution a = (3/ {x2 — xxi) of E then 
A = {dp/dx){x2 — xxi) + Pxi G {xi,X2). 
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If A G {xi, X2) we obtain A = {x2 — xxi)C + xiD for some C, D in C{x, xi, . . . , Xn}- 
Denote E' — [da/dx = (C — dD / dx) / {x2 — xxi)]. Since we have 

C - dD/dx _A d f D \ 

X2 — XXl f dx \X2 ^ XXl J 

then E' G Fr{f). We deduce that C — dD/dx G {x2 — xxi); thus E has a special 
solution of the form D/ {x2 — xxi) + 7 where 7 is a holomorphic solution oi E' . □ 

Consider E = [da/dx ~ A/ f] G Fr{f ). There exists a solution of E of the form 
Pj / {{^2 ~ xxi)xj) for some fij G C{a;, xi, . . . , a;„} and all j G {1, 2} by lemma I^TI 
The element 6'^{E) is given by /3i/((x2 — — /32/((a:^2 — a;a;i)a;2). This function 
is of the form (3{xi, . . . , Xn) / {X1X2) for some (3 G C{a;i, . . . , x„}. 

Consider E^ = [da/dx = 1//]. We have 

d_ f 1 \ _ _9_ / a; \ _ 1 

dx \Xi{x2 - XXl) ) dx \X2{X2 ~ XXl) ) {x2-XXi)'^' 

Then 5^{Eq) is given by the function l/(xia;2). This implies 

Lemma 5.8. Let f = {x2 — xxi)"^ G C{x, xi, . . . ,Xn}- Then the space Fr{f)/ Sp{f) 
is equal to C{a;3, . . . , Xn}Eo 

Suppose from now on that n = 2, this implies Fr{f)/ Sp{f) ^ C. Therefore 
for (fii = exp{uifd/dx) and 1^92 = exp{u2fd/dx) such that ip2 G 'Df{ipi) there 
is a unique A G C such that 1/ui — I/U2 — A G {xi,X2)- Then ipi and ip2 are 
conjugated by a formal special transformation if and only if A = 0; this is equivalent 
to ui(0) = M2(0). Note that 2uj{0) = d'^{x o Lpj)/dx2^{0). We deduce that 

(^i?es,,_,,,=o(¥'), (0, 0, 0)^ 

is a complete system of formal special invariants in C Diff up(C^, 0). 

We can provide a geometrical interpretation for the non-residual invariant. Con- 
sider Lpi — exp{uifd/dx), (p2 = exp{u2fd/dx) G Vf such that their associated 
homological equation da/dx = A/ f is free of residues. Let P = (x", x", a;^) an 
element of (/ = 0) \ {xi = X2 = 0). The one-dimensional germs ipi,p and f2,p 
are formally conjugated by a transformation whose linear part is ((1 — Aui){P))'w 
where w is a coordinate centered at P in (xi — Xi)n{x2 = No other linear part 
is possible. Since a special conjugation restricted to a:i = X2 = is the identity then 
the existence of a formal special conjugation at the 1-jet along / = level implies 
(1 — Aui) — 1 G {xi,X2) ^ A G {xi,X2)- By lemma I^Tzl we have that vanishing of 
residues plus 1-jet compatibility is equivalent to the existence of a formal special 
conjugation. 

6. Convergent actions 

We restricted our study to formal special conjugations. The goal of this section is 
linking the equivalence relations "being formally conjugated" and "being formally 
conjugated by a special transformation" . The main result is the following: 

Theorem 6.1. Let ipi,ip2 G Diff np(C"^^, 0) be formally conjugated. Then ipi and 
Lp2 are formally conjugated by a transformation of the form a o a where a belongs 
to Diff (C"+\0) and a G l5iffp(C"+\0) is special. 
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Let US remark that m the theorem a is special with respect io x o ip2 — x — Q. 

In general a formal conjugation is not of the form a o a. The action induced by 
aoa in the non-fibered components of xoLpi —x = is the one induced by a since a is 
special. Thus such an action is convergent. Now consider i^i = = — x), y). 

We have that ipi and ip2 are conjugated by f = (x, X^jli j^-V^)- The action of f on 
a; = is not convergent, therefore f can not be expressed in the form a o a where 
a e Diff (C2,0) and a S l5iff p(C2,0) is special. 

In order to prove theorem IB. II it is enough to show 

Proposition 6.1. Let ipj be an element 0/ Diff „p(C"^^, 0) with convergent loga- 
rithm for j G {1,2}. Suppose that if I and ip2 are formally conjugated. Then they 
are analytically conjugated. 

Let us explain why proposition 16. II implies theorem 16. II Let (pi, ip2 be elements 
of Diff tjp(C"+^, 0) which are formally conjugated by f. By proposition 15.121 there 
exists aj G Diff „p(C"+^, 0) such that loga^ is convergent and aj is conjugated to 
(fij by a special Hj G Diff p(C"+^, 0) for j G {1,2}. We obtain that ai and a2 are 
formally conjugated and then conjugated by some r G Diff (C"+-^, 0). We define 

a = H2 o (t o H^^ o t'-^"'"-') and a ^ t. 

Clearly a o a conjugates (pi and Lp2- Moreover a is special and a is convergent. 
Next proposition is a sort of preparation theorem. 

Proposition 6.2. Let fi,<f2 G Diff up(C"+^, 0). Suppose that ipi and (p2 are for- 
mally conjugated. Then for all u G N there exists p^, in Diff (C""'""'^, 0) such that the 
dijfeomorphism Lp2,u — pl ^^0^)2° Pu satisfies 
cDifT„p(C"+i,0) 

• Res^{ifi) = Res-y{ip2,u) for all non-fibered component 7 of Fixipi. 

• X o (fii — X o (^2,1/ e {I{S{x o (fi — x)) + {x)y'^^ . 

Proof. Denote / — xoipi~x. Let /w/f = 11^=1 fj 11^=1 -^J"^ be the decomposition 
of / in irreducible factors. Let p G Diff (C"+^, 0) be the transformation conjugating 
ifi and Lp2. Since p{Fixipi) = Fixip2 there exist functions gj G <C{x, xi, . . . , Xn} 
and Gk € C{a;i, . . . , a;„} such that (gj o p)/ fj and {Gk ° p)/ Fj are formal units for 
all 1 < J < P and 1 < k < q. Consider a function Pj /Q] such that its restriction 
to fj = is the function Resf^=o{(pi) for all 1 < j < p (see lemma l?!T)) . In an 
analogous way we consider a function Pf /Q] such that its restriction to gj = is 
the function ReSg-=o{ip2) for all 1 < j < p. We obtain the system 

{9j ° P — fj fo'' all 1 < J < p 

Gjop^ WjFj for all 1 < j < g 

Pj {Q^j o P) - Q] (P^ o P) = r, f, for aU 1 < j < p. 

The third set of equations is a consequence of the invariance of the residues. We 
have that Vj and Wk are formal units whereas fj is just a power series. 

The ideal I{S{f)) associated to the evil set has a system Li, . . ., Lj, of generators 
composed by elements of <C{xi, . . . , Xn}- Let us study the equation po tpi — ip20 p. 
The transformation p is of the form 



-4,pi, . 
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where So, . . ., 021^, pi, . . ., Pn G C[[a;i, . . . , a;n]] and A G C[[ X, Xi , . . . , Xri 11. We 
denote by p' be the transformation obtained by replacing A with in the expresion 
of p. We want to compare the coefficients of [h < v) oi xo p' o ipi and x o (p2 p' ■ 
We have 

and 

' "'-^^^ - "''"af;"-' ) (0. ^. ) . mnr^ 

for all < < The coefficient of oi x o p' o ipi can be expressed in the form 
Ch{xi, . . . ,Xn, oq, . . . , a2jy) for some holomorphic Cb- Conversely the coefficient of 
x'' of a; o o p' is of the form Db(/5i, . . . , /5„, ag, . . . , 0,21^) for some holomorphic 
function Db. We have 

(r) : Cb-Db= Kk,_,k,L'l' ...L^/ for aU < 5 < 

/Cl+...fetJ=I^ + l 

where Kki....,kd G ^[[0:, . . . , a;„]] for fci + . . . /c^i = + 1. By Artin's theorem ^ 
we can find a solution (oq, . . . , a2iy, A, pi, . . . , pn) satisfying both the systems (X) 
and (Y) and such that 

{ao, • • ■ ,a2u,pi, ■ ■ ■ ,Pn} C C{xi, . . . ,Xn}, A e C{x,xi, . . . ,Xn}- 

Moreover, we can suppose that j^a^ — j^a^ for all < fc < 2i/ and j^pk — Pk for 
all < fc < n. We define 

(2iy 
ajx^ + x^'^+^A, pi, . . . , p„ 

By construction we have that p^ G Diff (C"+^,0) and (p2.L/ G T^xoipi-x- The in- 
variance of the residues by p^ (prop. I5.8|l implies that ^2^u 

satisfies the second 

condition in the statement of the proposition. Now since (X)j=o o.jX^ , pi, . . . , p„) is 
a solution of system {Y) then 

X o o - X o (^2 o G {x-+^) + I{S{f )Y+\ 

We deduce that xoip^-xo ip2.v G {{x) + I{S{f))y^\ □ 

We intend to prove that the homological equation associated to ipi and (p2,u is 
special for j/ >> 0. We will construct special solutions in the neighborhood of every 
point outside of a set of codimension greater or equal than 3. Next lemmas are of 
technical interest. 

Lemma 6.1. Let /, J be ideals of a noetherian ring R. Then there exists I'o G N 
such that we have J'^ C] I <Z J'^^'^°I for all v > vo- 

Proof. The equation J"^ 01 — J''^"" (J"" n /) is a consequence of Artin-Rees lemma 
(see corollary 10.10 in |2j); this implies J" n I C J"'""!. □ 

Lemma 6.2. Let R be a domain of integrity. Consider an element g in R \ {0} 
and an ideal J d A. Then there exists i^o G N such that (J" : g) C J'^~'^° for all 
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Proof. Wc define / = (g). Consider h G {J'^ : g), we have hg E I Ci . By lemma 
lO there exists j^o G N such that J" n / C J"^""! for > i/q- Therefore h belongs 
toJ"^-"". □ 



Let / be an ideal of Cjx, xi, . . . , Xn}- Fix a finite system L = {Li, .... L^} of 
generators of /. There exists a neighborhood Wl of the origin such that Lj G ^{Wl) 
for 1 < j < d. For P = x^, . . . ,x'^) G Wl we define the ideal Ip contained in 
the ring C{a; — xi—x^, . . . ,Xn — x'^} and generated by Li, . . . , L^. The definition 
of Ip does not depend on the system of generators. For a different finite system of 
generators L' there exists a neighborhood of the origin Wll' C Wl n Wl' where 
both definitions of Ip coincide for all P G Wll'- 

Lemma 6.3. Let =/= f E C{x,xi, . . . ,Xn}- There exists i>q E N such that for 
all V > vq we have an open set 3 satisfying that for all P E Uu and A in 
{{x) + I{S{f))Yp such that da/dx — A/ f is special in a neighborhood of P there 

exists a special solution (3p/{fF fj ^) Pp ^ ((^) + -^('5'(/)))p • 

Proof. Let /^v = 11^=1 fj- Denote J = {x) + I{S{f)). The proof is by induction 
on I = max^^j^ lj. If Z = we can choose /3 G J'^^^ . 

There exists z^i G N such that {J'' : fj) C J^^^i for all > i^i and aU 1 < j < p 
by lemma Wl^ Indeed we obtain {Jp : fj) C Jp^'^^ for all P in some open set 
3 by Oka's coherence theorem (see j5j page 67). 

Denote E = [da/dx = A/ f] and = (^^j^iUl_f^j_^j^^. We can suppose lj ^ 1 
for 1 < j < p since otherwise we replace E with 

da _ ^1 11(^=1 h 



where ^/II; ^ Jp^^^^ for all P E and all > pvi. A special solution 

/{fp 11^=1 fj'^^) of ^ is characterized by 

(3) f ri/.-/5'»-i)f n h-^- 

We define the ideal 



J = l J = l feG{l,...,p}\{i} 



P P 



VJ=i J=i fce{i....,p}\{j} 

Since E is special in the neighborhood of P then A E Ip. By lemma IF^TI and Oka's 
theorem there exist G N such that Ip D Jp C IpJp^'^-^ for all P in some open 
set Uj} 3 and all i' > 1^3. As a consequence there exist Bp E Jp^^"^ and 
Cp E J^-P"^""' such that 

(4) Bpf[f,-cpj2ii^~i)^ n A-=^- 
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for all P e n Ul_p^j_^ and all v > pvi + I'a . By subtracting the equations 01 and 
21 we obtain (3' — Cp G (11^=1 fj)- Therefore the function 



is a special solution of 
(5) 



da _ Bp - dCp/dx 



U — pUi — Z^3 — 1 



(see proof of lemma I5.5|l . We have that Bp — dCp jdx G Jp ^'^ for all 
V > pvi + + 1 . By the hypothesis of induction there exists 1^4 G N and a special 
solution ^p/{fF 11^=1 fj ^) °f equation such that 7^ belongs to j'^-p'^^-^^-^-'^a 
for all V > pvi + + + 1 and all P G for some open set 9 0. We define 
Vfi = pvi+iy^+Vi+l and J/^ = U^nUj^_p^^ nU^. The function (3p = Cp+-/p H^^i fj 

belongs to J^-"" . Moreover /?p/(/f 11^=1 /j ) 

is a special solution of E in the 
neighborhood of P if P G ?7i.. □ 

Next we prove proposition 16.11 The proof is based on the fact that in the 
neighborhood of the generic points of iS'(/) the quotient "free of residues homological 
equations / special equations" generates a finite dimensional vector space over the 
meromorphic functions in S{f). 

vroof of vrovosition \6.1\ Let ip2,v be the diffeomorphism and Uu be the open set 
given by proposition IG . 21 for all G N. It is enough to prove that there exists f G N 
such that Lfi S Lp2.u for all v > vq. Denote f — x o ipi ^ x. Let — 11^=1 fj^- 
We have that fi and tp2,u are of the form cxTp{uifd/dx) and exp(u2,u f d / dx) re- 
spectively. Consider the homological equation Ei, — [da/dx — A^j J\ associated 
to ip\ and ^2.v The equation E^ is free of residues by proposition 16.21 De- 
note J = (x) + I{S{f)); we claim that uif — U2,uf G J""*"^. Otherwise we have 
uif - U2,„f G J" \ 7°+^ for some a <iy+l. Note that since S{f) C {l\i->2 fj = 0) 
then / G I{S{f))^; this implies that f ^ and a > 2. This property can be used 
to prove that 

{uifd/dxy{x) - {u2,ufd/dxy{x) G 

for all j > 2. As a consequence we obtain that x o ipi ~ x o Lp2,v ^ J°^^ and that is 
impossible since a+1 < i^ + l. Since = {u2,uf — uif)/iuiU2,vf) then A^ G J"^"^ 
for all f > 1^1 and some ^1 G N. The function A^, is defined in some open set 3 0. 

Let T{f) be the set of points of S{f) where S{f) is smooth and of local codi- 
mension 2. Consider P ~ (0, a;", ... , a;° ) G T{f); there exists fc(P) G N such that 

da _ 

dx f 

is special in the neighborhood of P for every H G C{xi —x^, . . . ,Xn — x'^} vanishing 
in S{f) and all G N. Moreover, a review of the proof of proposition 15.31 implies 
that we can choose the same k = fc(P) for all P G (x = 0) fl {T{f) \ F{f)) where 
F{f) C S{f) is a fibered analytic variety such that cod(P(/)) > 3. 

Fix P = (0, 1°, . . . , Xn) G r(/) \ F{f). We can find new coordinates (j/i, . . . , Un) 
centered at [xi, . . . ,Xn) = (xj, . . . , a;°) such that S{f) = {yi = 0) n (?/2 = 0). 
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Suppose that P G Ui,-,^^ H J/^; by lemma |01 there exists z^2 G N such that the 
equation E,y has a solution 



where Pi^^pj € Jp '^^ '^^ for all i' > I'l + 1^2, and j S {1,2}. Consider the set 
Kg = {\x\ < (5)nn"^j(|yj| < S) for some (5 — 6{v,P) > small enough. The element 
S°{E,, Ks \ Sif)) of H\Ks \ ^oif)) is given by the function a,,p,i - a,,p,2. 
We obtain 

f X , y^Pv.p,! - yiPu,p,2 

Since i9(a,.,p,i - a^^p^2)/dx = then 11^=1 fj^^ divides 2/|/3,y,p,i - yiP„,p,2- Hence 
there exists an open set 3 such that for P £ the function {oii,,p,i—ay^p^2)fp 
can be expressed in the form h^^p{yi, . . . , yn)/{yiy2) where h^^p e j'^-'^i-'^2-i^3 j-^j. 
all 1/ > 1^1 + 1^2 + ^3 and some 1^3 G N. We define f = i^i + 1^2 + 1^3 + (2A; — 1). The 
set Jp n C{?/i, . . . , yn} is contained in I{S{f))^p C (2/1,2/2)'' for all 6 G N, and then 
for > t'o the function /iiy.p/(?/i 2/2) of the form 

h,y,p Cj{y2,...,yn) c^j (2/1, 2/3, ■ ■ ■ , 2/n) 

y^y^ Q<j<k yi o<j<k y^ 

where H, Cj and dj are holomorphic in Ks for all < j < /c. The function 
a^ P Q!t.^P4 - {H + ^ Cjy{)/fF = oi^.p,2 + ( ^ djy^2)lfF 

~k<j<a -k<j<0 

is a special solution of i?^ in Kg for > fQ. 

Consider a polydisk G in the variables (x,Xi, . . . ,x„) contained in the set 
Uv-vi n C/^ n U^. We denote 7r(a;,a;i, . . . ,a;„) = {xi, . . . For all v > vq and 

P e (a; = 0) n (T(/) \ P(/)) n Ai, there exists a polydisk A^,p C A^ centered at 
P and a special solution a^.p of Ev defined in A^^p. By using the homological 
equation we can extend av,p to A^ n7r~^(Ai,,p \S{f)) and then to A^ n7r~-^(Ai,^p) 
since codS'(/) > 2. We obtain special solutions of Ei, {v > vq) in the neighborhood 
of every point not in {S{f) \ T{f)) U F{f). Therefore we have 

S'{E,) e H\A, \ [{S{f) \ T(/)) U P(/)], 

Since the codimcnsion of (S(f) \ T{f)) U F{f) is greater or equal than 3 then 
5^{Ei,) = for > vq. We deduce that Ei, G Sp{f) and then ipi ^ ip2.i, for > f 
by proposition 15. 101 □ 
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